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Abstract 



F-convergence techniques are used to give a characterization of the behavior of a family of heteroge- 
neous multiple scale integral functionals. Periodicity, standard growth conditions and nonconvexity 
Q, ' are assumed whereas a stronger uniform continuity with respect to the macroscopic variable, normally 

required in the existing literature, is avoided. An application to dimension reduction problems in 
reiterated homogenization of thin films is presented. 
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t-^ ' 1 Introduction 

W^ ' In this work we study the e-limit behavior of an elastic body whose microstructure is periodic of period 

"^ . e and £^, and whose volume may also depend on this small parameter e, by a F-limit argument. We 

refer to the books of Dal Maso [19], Braides [13] and Braides and Defranceschi [14] for a comprehensive 

^^ . treatment on this kind of variational convergence. We seek to approximate in a F-convergence sense 

the microscopic behavior of such materials by a macroscopic, or average, description. The asymptotic 

analysis of media with multiple scale of homogenization is referred to as Reiterated Homogenization. 

^ ' Let fie denote the reference configuration of this elastic body that we assume to be a bounded and 

f^ . open subset of R^ (TV ^ 1). In the sequel we identify M.''^^ (resp. Q'^^^) with the space of real (resp. 

rational)-valued d x N matrices and Q will stand for the unit cube (0,1)^ of M^. 

To take into account the periodic heterogeneity of this material, we suppose that its stored energy 
density, given by a function f : fl^ x M^ x R^ x M"^^^ -^ M, is Q-periodic with respect to its second 
and third variables, and we treat the nonconvex case under standard growth and coercivity conditions of 
order p, with 1 < p < oo. Under a deformation u : fi^ -^ M'* the elastic energy of this body turns out to 
be given by the functional 

/ /(x,-,4;Vu(a;))dx. (1.1) 

Its dependence upon the small parameter s allow us to consider materials whose microscopic heterogeneity 
scales like e and e^. The generalization of this study to any number of scales k ^ 2 follows by an iterated 
argument similar to the one used in Braides and Defranceschi (see Remark 22.8 in [14]). 

We will address two independent problems: In Section 2 we will analyze the behavior of bodies with 
periodic microstructure whose volume does not depend on £, yielding to a pure reiterated homogenization 
problem (Figure 1). The originality of this part is that we do not require any uniform continuity hy- 
potheses on the first and second variables of /, as it is customary in the existing literature (see references 
below) . 
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Figure 1: Example of a domain with periodic niicrostructure of order e and e^ 

In Section 3 we consider three dimensional cylindrical bodies with similar periodic properties as before, 
whose thickness scales like e, leading to a homogenization and dimension reduction problem. The main 
contribution here is that our arguments allow us to homogenize this material in the reducing direction. 

More precisely, in Section 2 we describe the case where fig = il and our family of energies is of the 
form 



J f{x,^,^;Vu{x)^ dx. (1.2) 



This kind of asymptotic problems can be seen as a generalization of the Iterated Homogenization Theorem 
for linear integrands, proved by Bensoussan, Lions and Papanicolau [10], in which the homogenized 
operator is derived by a formal two-scale asymptotic expansion method. This result has been recovered 
in several ways via other types of convergence such as iJ-convergence, G-convergence, and multiscale 
convergence (see Lions, Lukkassen, Persson and Wall [28, 29] and references therein). In the framework 
of F-convergence, Braides and Lukkassen (see Theorem 1.1 in [15] and also [30]) investigated the nonlinear 
setting for integral functionals of the type 



/(-,— ;Vm(x)J dx, 



in ^£ £ 

where the integrand / : R^ x R^ x R'^^^ ^ M is assumed to satisfy usual periodicity and growth 
conditions and 

- I{y, • ;C) is measurable for aU {y,£,) e M" x R''^^^; 

- /(y, z; •) is continuous and convex for all (y, z) E M.^ x R^; 

- there exist a locally integrable function b and a continuous positive real function uj, with lu{0) = 0, 
such that 

l/(y, z; - fiy', ^; OK uj{\y - y'\) [b{z) + f{y, z; 0] (1.3) 

for aU y, y' , z e R^, ^ e R''^^. 

This result has been extended to the case of nonconvex integrands depending explicitly on the macroscopic 
variable x, as in (1.2), under the above strong uniform continuity condition (1.3) (see Theorem 22.1 
and Remark 22.8 of Braides and Defranceschi [14]). Using techniques of multiscale convergence and 
restricting the argument to the convex and homogeneous case (no dependence on the variable x) , Fonseca 
and Zappale were able to weaken the continuity condition (1.3). Namely, they only required / to be 
continuous (see Theorem 1.9 in [25]). Recently, in an independent work, Barchiesi [9] studied the F- limit 
of functionals of the type (1.2) in the convex case under weak regularity assumptions on / with respect 
to the oscillating variables. 

All the above results share the same property: The homogenized functional, as it is referred in the 
literature for the F-limit of (1.2), is obtained by iterating twice the homogenization formula derived in 
the study of the F-limit of functionals of the type 

f (x,--Vu{x)) dx. (1.4) 
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This can be seen from formula (14.12) in Braidcs and Defranceschi [14], or in Baia and Fonseca [8] 
where / : O x M^ x R'^^^ ^- K is assumed to satisfy standard p-growth and p-coercivity conditions, 
Q-periodicity with respect to the oscillating variable, and 

- /(x, • ; •) is continuous for a.e. x G O; 

- /(•, y; C) is measurable for aU y e M^ and all ^ e R''^^ 

(see Theorem 1.1 in [8]; it will be of use for the proofs of Theorems 1.1 and 1.2 below). 

As these previous results seem to show, it is not clear what is the natural regularity on / for the 
integral (1.2) to be well defined. Such problems have been discussed by Allaire (Section 5 in [1]). In 
particular, the measurability of the function x h^ f{x,x/e,x/e'^](^) is ensured whenever / is continuous 
in its second and third variable. Following the lines of Baia and Fonseca [8] we will assume that 

{Hi) f{x, •,•;•) is continuous for a.e. a; G 51; 

(iJa) ./( ■,y,z; is measurable for all (y, z, ^ G M^ x M^ x R'^^^^; 

(iJa) f{x, • ,z;^) is Q-periodic for all (z,^) G R^ x R'^^^ and a.e. x G 51, and f{x,y, • ;^) is Q-periodic 
for aU (2/,0 G M^ x R''^^ and a.e. x G 51; 

{H4) there exists /? > such that 

■^ICr-/3s^ f{x,y,z:^) s^/3(l + |Cr) for all (y,z,e)GR^ x R^ x R''^^ and a.e. x G fl. 

From the applications point of view it would be interesting to consider functions that are continuous with 
respect to the first variable and only measurable with respect to some of the oscillating variables, as it is 
relevant, for instance, in the case of mixtures. Nevertheless, the arguments we use here do not allow us 
to treat this case. 

In what follows we write r(L''(fl))-limit whenever we refer to the F-convergence with respect to the 
usual metric in LP(fl;R'^). The above considerations lead us to the main result of Section 2 that in 
particular recovers Theorem 1.9 in Fonseca and Zappale [25]. 

Theorem 1.1. Let f : 51_x R^ x R" x R'^^^ -^ R be a function satisfying {Hi)-{H4). For each e > 
define T^ : LP{n; R"^) -^R by 



^e(«):-| //("'I'f'^"^")) '" ^f-^^'-'i^-^^')^ (1.5) 




otherwise. 
Then the T(LP{Q)) -limit of the family {jF£}e>o is given by the functional 

7ho^(x;Vu(x))dx if ueW^^P {n;R''), 



^hom(u) :— >^ Jii 

foo otherwise, 



where /hom *■' defined for all ^ G R'^^"'^ and a.e. x G 51 by 
lim inf < -—77 / 



/hom(a^;0:=^lim inf^TT^/ /hom(x,2/;e + V0(y)) dy : </) G T4^o'''((0,7^)'^;K') L (1-6) 



and 

/(x,y,z;e + V0(z))dz: 0G<'^((O,r)^;R'^)l (1.7) 



fhom{x,y;0 :=^lim iiJM ^FJv / 
for a.e. x G 51 and all (y,^) G 
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Figure 2: Cylindrical thin domain of thickness e 



As mentioned before one homogenizes first with respect to z, considering y as a parameter, and then one 
homogenizes with respect to y. 

We remark that most of the proofs presented in this section follow the lines of the ones in Braides and 
Defranceschi [14] (Theorem 22.1 and Remark 22.8), and that our main contribution is to use arguments 
that allow us to weaken the strong uniform continuity hypothesis (1.3). Let us briefly describe how we 
proceed: The idea consists in proving the result for integrands which do not depend explicitly on x (see 
Theorem 2.2 in Section 2.2), and then to treat the general case by freezing this macroscopic variable (Sec- 
tion 2.3). To do this, we start by claiming that under hypotheses (_ffi)-(iJ4), / is uniformly continuous 
up to a small error. Indeed, since / is a Caratheodory integrand, Scorza-Dragoni's Theorem (see Ekeland 



and Temam [22] ) implies that the restriction oi f to K x . 



pN . 



pN . 



pdxN 



is continuous, for some compact 



set K C V, whose complementary has arbitrarily small Lebesgue measure. Then the periodicity of / with 



respect to its second and third variable leads / to be uniformly continuous on K x 



pN . 



pN 



X B, for some 



closed ball B of M''^^ of sufficiently large radius. Finally, to ensure that the energy remains arbitrarily 
small on the complementary of K and on the set of x's such that the gradient of the deformation does not 
belong to B, we use the Decomposition Lemma (see Fonseca, Miiller and Pedregal [26] or Fonseca and 
Lconi [24]) which allows us to select minimizing sequences with p-equi-integrable gradient. Thus, in view 
of the p-growth character of the integrand, the energy over sets of arbitrarily small Lebesgue measure 
tends to zero. 



In Section 3 we consider the case where Jig is a cylindrical thin domain of the form U^ := uj x (— e, e) 
(Figure. 2), whose heterogeneity may depend periodically upon its thickness. We assume that its basis, 
w, is a bounded open subset of M^ and we seek to characterize the behavior of the elastic energy (1.1) 
when e tends to zero. 

Two simultaneous features occur in this case: a reiterated homogenization and a dimension reduction 
process. As usual, in order to study this problem as e -^ we rescale the e-thin body into a reference 
domain of unit thickness (see e.g. Anzellotti, Baldo and Percivale [4], Le Dret and Raoult [27], and 
Braides, Fonseca and Francfort [16]), so that the resulting energy will be defined on a fixed body, while 
the dependence on e turns out to be explicit in the transverse derivative. For this, we consider the change 
of variables 



n. 



Q, := uj X I, (a;i,a:;2,a:;3) 



a;i,a;2, -2:3 



and define v{Xa,X3/e) = u{Xa,X3) on the rescaled cylinder fl, where / := (—1, 1) and x^ '■= (xi,a;2) is 
the in-plane variable (Figure. 3). 

In what follows we denote by Vi = d/dxi for i E {1,2,3} and Va = (Vi,V2). For all ^ = (^i|^2) <= 
|[^3x2 ,^^^ ^ ^ -^3^ {£,\z) is the matrix whose first two columns are zi and Z2 and whose last one is z. 
After replacing w by m in (1.1), changing variables and dividing by e, our goal is to study the sequence of 
rescaled energies 



I^("'I'5'^""(") 



—\7r^v{x) ) dx, 



(1.8) 
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Figure 3: Rescaled domain of unit thickness 



where to siniphfy notations we set 



f{x,y,z;^) = W{xa,y3,ya,z3,za;(,) 



(1.9) 



ioiW-.nxR^xR^x M3X3 ^ R (or equivalently W {x' , y' , z'^; ^) = /(x'„,a;3,2/^, 4, z^, y^; 0)- 

Similar resuhs have been already studied independently by Shu [34] (Theorem 3 (i)) and by Braides, 
Fonseca and Francfort [16] (Theorem 4.2) for energies of the type 

-Vsu ) dx 



W X3, — ;VaU 



where W : I x 



p3x3 



is a Caratheodory integrand. Later Babadjian and Bala [6] (Theorem 
1.2) treated the case where the integrand W depends also on the macroscopic in-plane variable Xa under 
measurability hypothesis with respect to x = (x^jXa), and a continuity requirement with respect to the 
oscillating variable. Integral functionals of the form 

-V3W j dx, 



W[ ^;V„w 



have been studied in Shu [34] (Theorem 5) under different length scales for the film thickness and the 
material microstructure. Homogenization in the transverse direction x^, remained an open question and 
comes as a consequence of the main result of this section. 

In the sequel we denote by £^ the TV-dimensional Lebesgue measure in M^, by Q' := (0,1)^ the 



unit cube in M^ and we will identify W^-'P{uj;R^) (resp. LP{uj;R^)) with those functions u S W^'P{i}; 
(resp. LP{n;R^)) such that V3M(a;) = a.e. in Q. 

Following the lines of Babadjian and Baia [6] and Babadjian and Francfort [7] we assume that 

(Ai) W{x, •,•;•) is continuous for a.e. x E fl; 

(A2) W{-,y, Za\ is measurable for all (y, Zo,,0 ^ ^^ xR^ x M^xs. 

{ya ^^ W{x,ya,y3,Za;S,) is Q'-periodic for all {za,y3,(,) G K"^ x R^^^ and a.e. x € Q, 
(zaiya) ^-> W{x,ya,y3,Za;^) is Q-periodic for all (y^,^) G M^ x R'^^^ and a.e. x e fi; 
{A4) there exists (3 > such that 

■nl^f - P ^ W{x,y,Za;0 «;/3(l + 1^1^) for all (y,z„,0 e R^ x M^ x R^''^ and a.e. x e n. 

P 



') 



We prove the following theorem. 
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Theorem 1.2. Let W : Q x R^ x R"^ x M^^^ ^ R be a function satisfying {Ai)-{Ai). For each s > 0, 
consider the functional We ■ Lf{il,;R^) -^ R defined by 

y +00 otherwise. 

Then the T{LP{Q))- limit of the family {W£}e>o is given by the functional 

2 /Whom(a;a;V„u(a;„))dx„ if u e W'-p{uj;R^), 



Whom(M) 

-00 otherwise, 

where Whom is defined, for all ^ E M'^^^ and a.e. Xa G oj, by 

Whomixa^O ■■= lim inf<7--2/ VFhom(a;a, 2/3, ^a; C + Va0(y)|V3(/)(2/)) dy : 

(j)£W'^'P{{0,Tf xr,R^), 4> = ond{0,Tf xl\ (1.11) 

and 

Whom{x,ya;0 -^ 1™ i^M ^7n / W{x,ya,Z3,Za;£, + \7(j){z))dz : 

T^ + 00 [^ i ■J J(0,T)3 

0e<'''((O,T)3;R3)l (1.12) 

for a.e. x E n and all {ya,0 e R^ x R^""^ . 

Remark 1.3. It can be proved that the hmits as T ^ +00 in (1.11) and (1-12) can be replaced by an 
infimum taken for every T > as in Braides and Defranccschi [14] or Baia and Fonseca [8]. 

Let us formally justify the periodicity assumptions (^3): Since the volume of 51^ is of order s and s'^ <C 
e, in a first step, we can think of e as being a fixed parameter and let £^ tend to zero. Then at this point 
dimension reduction is not occurring and (1.1) can be seen as a single one-scale homogenization problem 
as in (1.4), in which it is natural to assume /(a;Q,y, • ;^), or equivalently, (za^ys) i-> W{x,ya,y3, Zc,;^) 
(see (1.9)) to be Q'Psriodic. The homogenization formula for this case give us an homogenized stored 
energy density H^hom(a;,yQ; ^ that, in a second step, is used as the integrand of a similar problem than 
the one treated in Babadjian and Baia [6]. In particular the required Q'- periodicity of Whom (a;, • ; can 
be obtained from the Q'-pcriodicity of ya 1-^ W{x, ya,yz,Za]S,). 

We finally observe that the proof of Theorem 1.2 is very closed to its iV-dimensional analogue Theorem 
1.1, the main difference being the use of the scaled gradients decomposition lemma derived by Bocea and 
Fonseca in place of the usual Decomposition Lemma (compare Theorem 1.1 of [11] with Fonseca, Miiller 
and Pedregal [26] or Fonseca and Leoni [24]). As it has been noted in [7, 6], Theorem 1.2 and Theorem 
1.1 cannot be treated similarly. In the former case we need to extend our Caratheodory integrands by a 
continuous function by means of Tietze's Extension Theorem (see e.g. DiBcnedetto [20]). This argument 
was already used in Babadjian and Baia [6] and Babadjian and Francfort [7] where the authors used a 
weaker extension result (see Theorem 1, Section 1.2 in Evans-Gariepy [23] and Lemma 4.1 in [6]). 

In the sequel, given A > we denote by i3(0. A) the closed ball of radius A in K''^^, that is the set 
{^ G R'^^^ : \£\ ^ A}, and the letter C stands for a generic constant. Throughout the text lim := lim lim 

n,m ri m 

while lim :— lim lim with obvious generalizations. 

m.n ni n 
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2 Reiterated homogenization 

The main objective of this section is to prove Theorem 1.1. In Subsection 2.1 we state the main properties 
of /horn and /horn that are basic for our analysis. In Subsection 2.2 we present some auxihary results for 
the proof of the homogeneous counterpart of Theorem 1.1, Theorem 2.2, in which we assume that / does 
not depend explicitly on x. The proof of Theorem 1.1 in its fully generality is presented in Subsection 
2.3. Finally, in Subsection 2.4 we remark an alternative proof for convex integrands. 

Remark 2.1. In the sequel, and without loss of generality, we assume that / is non negative. Indeed, it 
suffices to replace / by / + /3 which is non negative in view of {H4). 

As for notations Q(a, 5) := a + (5(— 1/2, 1/2)^ (cube of center a G M^ and edge length 5) and 
Q :— (0, 1)^ stands for the unit cube in M^. 



2.1 Properties of f^^^ 

Repeating the argument used in Baia and Fonseca [8] (Theorem 1.1), we can see that the function /hom 
given in (1.7) is well defined and it is (equivalent to) a Caratheodory function: 

/hom(-, • ;0 is Z:^ ® r^-measurable for all ^ e K''^^, (2.1) 

fhom{x,y; •) is continuous for £^ (g) £^-a.e. {x,y) e O x M^. (2.2) 

By condition (H^) it follows that 

/hom (a;, • ; is Q-periodic for a.e. x e rj and all ^ e R'^'"^ . (2.3) 

Moreover, /hom is quasiconvex in the ^ variable and satisfies the same p-growth and p-coercivity condition 
(H4) as /: 

^ICr - /? ^ hon.{x,y;0 ^ /3(1 + ICD for a.e. x G 17 and aU {y,0 e M^ x M''^^, (2.4) 

where (3 is the constant in (H4). 

As a consequence of (2.1), (2.2) and (2.4), the function /^om given in (1.6) is also well defined, and 
is (equivalent to) a Caratheodory function, which implies that the definition of Jiiom makes sense on 

Finally, /^om is also quasiconvex in the ^ variable and satisfies the same p-growth and p-coercivity 
condition (H/^) as / and fhom'- 

^ICr-/3<7hom(2;;C)</9(l + ien for a.e. X e 1] and alU e M'^x^, (2.5) 

where, as before, /3 is the constant in (H4). 

2.2 Independence of the macroscopic variable 

We assume that / does not depend explicitly on x, namely / : R^ x K^ x M''^^ -^ M+. In addition, 
according to {Hi)-{H2) and unless we specify the contrary, we assume / to be continuous and to satisfy 
hypotheses {H^) and (-^4). 

For each e > consider the functional Te : L'p{Q,] W^) -^ [0, +00] defined by 



/ f .f(-,^;'^u{x)) dx iiu eW^^P {n;R'^), 
I +00 otherwise. 



[ +00 
Our objective is to prove the following result. 
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Theorem 2.2. Under assumptions (H^) and {H4) the T{LP{Q))-limit of the family {J>}e>o is given by 




^hom(M) 

othe 



where fi^^^^ is defined by 



1 



/hom(0 :- ^lim inf^^/ /homly;^ + V(/)(2/)) dy : .^ G Tyo^^^((0, T^ ;R'^) (2.7) 

T-»+oo 4, \1" J(o,T)« I 



for all ^ eM.'^^'^ , and where 



/hom(y;e):=^lini inil^ f /(y, z;C + V0(z)) dz : </) G <'^((0,T)^;R'^) I (2.8) 



for all{y,0 ^ R^ x K''^^^. 

This rcsuh can be seen as a generahzation of Theorem 1.9 in Fonseca and Zappale [25] (for s = 1), in 
which, as it is usual for the convex case, it is enough to consider variations that are periodic in the cell 
Q. Their multiscale argument (see Subsection 2.4 below) does not apply here since, as it is expected in 
the non convex case, the variations should be considered to be periodic over an infinite ensemble of cells, 
as it is seen from (2.7) and (2.8). 

We start the proof of Theorem 2.2 by localizing the functionals given in (2.6) in order to highlight 
their dependence on the class of bounded, open subsets of R^ , denoted by ^0 • As it will be clear from the 
proofs of Lemmas 2.8 and 2.9 below, it would not be sufficient to localize, as usual, on any open subset 
of fi. Indeed, formulas (2.7) and (2.8) suggest to work in cubes of the type (0, T)^ , with T arbitrarily 
large, not necessarily contained in Q. 



For each e > consider T^ : iP(M^; R"^) x Ao -^ [0, +00] defined by 



^^^^^^^^ f /^/(f,^;V.(.))rf. iiueW^^nA;R^) 




(2.9) 
otherwise. 

We will prove (Subsections 2.2.1 and 2.2.2 below) that the family of functionals {J>(- ;A)}e>Q, with 
A e ^0, F-converges with respect to the strong LP(y4;]R'')-topology to the functional Jiiom(- ',A), where 
J^hom : LP{R^; R^) x Ao ^ [0, +00] is given by 



T^om{u;A)={ y^/hom(Vu(x))dx ifueW^'nA^R"), 

otherwise. 

As a consequence, taking A — il yields Theorem 2.2. 

2.2.1 Existence and integral representation of the F-limit 

Given {ej} \ 0+ and A e ^0, consider the F-lower fimit of {^ej(- ; A)}jgN for the LP(A;M'')-topology 
defined for u G LP{R^;R'^) by 

Tj,.x{u;A) -.^ inf iliminfJC-^.(u,;A) : u, ^ u in LP{A;R'^)\ . 
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In view of the p-coercivity condition {H4) it follows that J-"|£.}(m; A) is infinite whenever u € LP(R^ ■,'R'^)\ 
W'^'P{A;R'^) for each A € A, so it suffices to study the case where u S W'^^p{A;R'^). 

The following result states the existence of F-convergent subsequences and can be proved by classical 
arguments on the lines of those of Braides, Fonseca and Francfort [16]. 

Lemma 2.3. For any sequence {sj} \ 0^, there exists a subsequence {£«} = {£j„} such that J^ui(u; A) 
is the r( LP (A)) -limit o/{J^e„(w; ^)}neN for all A e Aa and all u € W^-p^A^W^). 



Our goal is to study the behavior of JF{;g^}(M;-) in A{A) (family of open subsets of A) for each 
u £ W^'P{A; M.'^). Following the proof of Lemma 2.10 in Bala and Fonseca [8], it is possible to show that 
JF{e^}('u; •) is a measure on A{A) for all A E Aq. Namely, the following result holds. 

Lemma 2.4. For each A E Aq and all u E W^'^{A; R''), the restriction of T s^^^y{u] •) to A{A) is a Radon 
measure, absolutely continuous with respect to the N -dimensional Lebesgue measure. 

For the moment, we are not in position to apply Buttazzo-Dal Maso Integral Representation Theorem 
(see Theorem 1.1 in [18]) because, a priori, the integrand would depend on the open set A E Aq. The 
following result prevents this dependence from holding since it leads to an homogeneous integrand as it 
will be seen in Lemma 2.6 below. 

Lemma 2.5. For all S, E R'^^^, yo and zq E M.^ , and 5 > 

^{e„}{^ ■ ; Q{yo, S)) == ^{£„}(C • ; Q{zo, S)). 

Proof. Clearly, it suffices to establish the inequality 

•^{s„}(e-;Q(yo,<5))^.F{,„}(e-;Q(zo,<5)). 
Let {wri} C W^'P{Q{ya,S);R'^), with w„ ^ in LP{Q{ya,S);R'^), be such that 

•^{£„}(C-;Q(j/o,'5)) = lim / f( — ,—;^ + Vw„{x))dx 

(see e.g. Proposition 11.7 in Braides and Defranceschi [14]). By hypothesis [11^ and the Poincare 
Inequality, we can suppose that the sequence {i«„} is uniformly bounded in W^'P{Q{yQ,S)\R'^'). Thus 
by the Decomposition Lemma (see Fonseca, Miiller and Pedregal [26] or Fonseca and Leoni [24]), there 
exists a subsequence of {w„} (still denoted by {w„}) and a sequence {u„} C W(,'°°((5(2/o, <5);K'^) such 
that w„ -^ in W^^-P{Q{yQ,S);W^), 

{[VMn]*'} is equi-integrable (2.10) 

and 

>c'^({yeQ(yo,<5): ^i„(y) ^ w;„(y)}) ^ o. (2.11) 

Then, in view of (2.10), (2.11) and the p-growth condition (i?4), 

•?^{e„}(C-;Q(2/o,<5)) ^ lim sup / /( — , — ;^ + Vu„(x) j dx 

^ lim sup / /(— ,4;^ + Vw„(x))(ia; (2.12) 



For all n G N we write 



with me„ E Z^ and s^^ E [0, 1) 



'Q{yo,S) 
ya - Zq 



^^ = ^e„+^e„ (2.13) 



jEAN-FRANgOIS BABADJIAN AND MARGARIDA BAi'a 

with e,^ e Z^ and Ze„ € [0, 1)^, and wc define 

Xe„ ■■^m^^Sn- elle„. (2-14) 

Note that x^^ = ya ~ zq — ^nSe^ — en^e„ -^ ya — zq as n —^ +oo. For all n € N, extend Un by zero to 
the whole R^ and set v„{x) = u„(x + x^J for x G Q{zo,S). Then {«„} C W^^p{Q{zo,5);R'^), w„ ^ 
in LP{Q{zo,S);M.'^), and the sequence {|Vw„|*'} is equi-integrable by the translation invariance of the 
Lebesgue measure. In view of (2.12), (2.13), (2.14) and (H^), 



•^{e„}(C-; 0(2/0, <5)) ^ limsup / /( —, ^■,^ + Vun{x + Xsj) dx 

= limsup/ /( enle„,—;£.+'^v„{x)]dx 

^ \\TilS\V[> I f( En^e^, — ;^ + Vw„(x)j dx 

n^ + oo jQlzn.S) ^S„ e„ / 



n^ + oo Jq{zo,S) ^^n 

-limsup / /( £nls„7 ~;C + Vw„(a;)) dx. 

n^ + oo jQ(z„,5)\Q(ya-x,^,S) ^ £« ^n ' 

Since f „ = outside Q(yo ^ 2;e^, (5), the p-growth condition {11a) and the fact that L^ {Q{zq, 5) \ Q{yo — 
Xe„,S)) ^ yield 

limsup/ f(- £„?£„, —;^ + Vw„(x)) dx 

n^+oc jQ(zo,<5)\Q(s/o-a;,„,(5) ^£n £„ ' 

<k limsup/3(l + |er)/:'^(Q(zo, (5) \ Q(yo - x,„, ,5)) = 0, 

n — *+oc 

and therefore 

•^{e„}(C- ;Q (2/0, <5)) ^ limsup / /( e„/e„,— ;^ + Vi;„(x)) rfx. (2.15) 

n^ + 00 jQ(zQ,S) ^^n £„ ^ 

To eliminate the term e„ Zg^ in (2.15), and thus to recover J^{e^}{£,' ; Q{zo, 5)), we would like to apply a 
uniform continuity argument. Since / is continuous on M^ x R^ x R"^^^ and separately Q-periodic with 
respect to its two first variables, by hypothesis (i^s), then / is uniformly continuous on R^ x R^ x -6(0, A) 
for any A > 0. We define 

R^ :=={xeQ(zo,(5) : |e + Vw„(x)| sC A}, 

and we note that by Chebyshev's inequality 

C''{Q{zo,5)\R'^)^C/y, (2.16) 

for some constant C > independent of A or n. Thus, in view of (2.15) and the fact that / is nonncgative, 

•^{£„}(C-;Q(j/o,'^)) ^ limsup / /( £„?£„, ^; C + Vw„(x)) dx. 

Denoting by lo\ : R+ -^ R+ the modulus of continuity of / on M^ x R^ x -6(0, A), we get that for any 
X e i?^ 



/( — ,— ;C + Vu„(x)] -/( £„/e„,— ;C + Vi;„(x) 



Then, the continuity of lo\ and the fact that ti)A(O) = yield 



< WA(e„4„). 



•^{£„}(C-;Q(yo,'^)) ^ limsupi / /(— ,-i^;^ + Vw„(x)) dx-(5^WA(e„/e„) ^ 
= limsup/ /( — , — ;^ + Vi;„(x)) dx. 
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The equi-integrability of {|Vw„|p}, the p-growth condition (-^4) and (2.16), imply that 
limsup / /( — ,—;(,+'Vvn{x))dx 

< /3Hmsupsup / (1 + \Vvn{x)\P)dx = 0, 

and since u„ ^ in LP{Q{zq,S);K.'^), 

•^{£„}(C-;Q(yo,'5)) ^ limsup/ f(—,—;^ + Vvn{x)]dx 

■ 

As a consequence of this lemma, we derive the following result. 

Lemma 2.6. There exists a continuous function ./{e^} : M''^^ -^ R+ such that for all A E Aq and all 

ue W^'P{A;R'^), 



^{e^yiu; A) = / f[^^y{Vu{x))dx. 



Proof. Let A G ^o- By Buttazzo-Dal Maso Integral Representation Theorem (Theorem 1.1 in [18]), 

fA 



there exists a Carathcodory function ff 1 : A x K.'^^^ ^> M+ satisfying 



T[,^y{u;U)^ / ff^^y{x;Vu{x))dx 
J u 

for all U e A{A) and all u G W^'P{U;R'^). Furthermore, for a.e. x G A and all ^ G R'^^^ 

.A ( ,, y ■^{s„}(C-;Q(x,^)) 

Define /{g j : R''^^ ^ R+ by 

/{e.}(0 = lnn jj^ . 

As a consequence of Lemma 2.5, //^ 1 (a;;^) = ./{e„}(C) for a.e. x G A and for all ^ G M''^^. It turns out 
that 

•^{£„}(";^)= / ./{£„} (Vu(x))dx 
holds for aU u G VK1^p(A; M''). ■ 

2.2.2 Characterization of the F-Umit 

Our next objective is to show that JF{g^-j(u; A) — J^hom(^i; ^) for any A e Aq and all u G VF^'P(A; M''). In 
view of Lemma 2.6, we only need to prove that /hom(C) = .f{e„}(C) for a-H C G R''^^, and thus it suffices 
to work with affine functions instead of general Sobolev functions. In order to estimate /{e„} from below 
in terms of /hom: "^^ will need the following result, close in spirit to Proposition 22.4 in Braides and 
Defranceschi [14]. 

Proposition 2.7. Let f : M.^ x R^ x R'^^^ -^ R+ be a (not necessarily continuous) function such that 
f{x, • ; •) is continuous, /(•,y;C) ** measurable, and (H^) and {H4) hold. Let A be an open, bounded, 
connected and Lipschitz subset of M.^ . Given M and rj two positive numbers, and (f : [0, +00) -^ [0, +00] a 

11 
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continuous and increasing function satisfying (p(t)/t -^ +00 as t ^ +00, there exists Bq — eo{(p, M, 77) > 
such that for every < £ < eg, every a G R^ and every u G W^'P{a + A; M'') with 



ip{\Vu\P)dxiiM, (2.17) 

la+A 

there exists v E VFg'^(a + A;M.'^) with ||w||LP(a+A:R'') ^ V satisfying 

/ f(x,-;'Vu]dx^ / /hom(a;; Vm + Vw)(ix - 77. 

Ja+A ^ £ ' Ja+A 

Proof. The proof is divided into two steps. First, we prove this proposition under the additional hypothesis 
that a belong to a compact set of R^ . Then, we conclude the result in its full generality replacing a by 
its decimal part a — |a] and using the periodicity of the integrands / and /hom- 

Step 1. For a e [ — 1, 1]^, the claim of Proposition 2.7 holds. Indeed, if not we may find </?, M and 77 
as above, and sequences {£«} -^ 0+, {a„} C [—1, 1]^ and {m„} C W^''P{an + A\W^) with 

(/?(|Vu„|P)dx^M (2.18) 

a„+A 

such that, for every ri G N 

/ [x, — ;Vu„ I dx 



-A \ ^n / 

< inf \ f\,om{x]Vun + Vv)dx : \\v\\Lp(a„+A,^d) ^ r]\ - r]. (2.19) 

veW^'-^ia^+A-M.'i) VJa„+A ' J 

From (2.18) and the Poincare-Wirtingcr Inequality, up to a translation argument, we can suppose that 
the sequence {||un||v^i,p(a„+yi;R<i)} is uniformly bounded. From this fact and since the set a„ + A is an 
extension domain, there is no loss of generality in assuming that {«„} is bounded in VK^'P(R^;R'') and 
that, due to (2.18), 



sup/ ^(|VM„|P)dxs;Mi (2.20) 

nGN JR" 

for some constant M\ > depending only on M (see the proof of the Extension Theorem for Sobolev 
functions. Theorem 1, Section 4.4 in Evans and Gariepy [23]). Passing to a subsequence, we can also 
assume that m„ ^ m in W^'P{M.^; M.'^). Let i? be a ball of sufficiently large radius so that an + A C B for 
all n G N. De La Vallee Poussin criterion (see e.g. Proposition 1.27 in Ambrosio, Fusco and Pallara [3]) 
and (2.20) guarantee that the sequence {|Vu„|p} is equi-integrable on B. This implies that there exists 
S ^ 5{ri) such that 

sup/3 /(l + |V'u|P+|Vu„|P)dxs$ ^ (2.21) 

neN Je 2 

whenever _E is a measurable subset of B satisfying C^ (E) ^ d and where /3 is the constant given in (-^4). 
As {o„} C [—1, 1]^ we may suppose, without loss of generality, that a„ ^ a G [ — 1, 1]^, and that for 
fixed < p < 1, with p^ ^ 5, the following hold for n large enough: 

a + (1 - p)^ C a„ + ^ C a + (1 + p)A, 

C'^iSn) s^ <5, where Sn :== K + ^] \ [« + (1 - P)^] C B, (2.22) 

^ and ||u„-u||LP(a+(i+p)A;R'i) s^ ??• 
Take now a sequence of cut-off functions ipn G Cj?^(R^; [0, 1]) such that 

1 on a+ (1 - p)A, 

outside a„ + A, 
12 
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and II V</?„||ioo(jjiv\ ^ C / p for some constant C > 0. Let w„ = ^nU + (1 — (/?„)m„. Then w„ — u„ € 
Wo-P(an + A;m.'^) and 



|w„— U„|^dx^ / ipn\u — Un\^ dx ^ / \u — Un\^ dx ^ Tj^ . 

-A Ja„+A Ja+{l+p)A 

Then, taking w :== w„ — u„ as test function in (2.19), it follows from (2.4), (2.21), and (2.22) that 
/ f [x, — ;Vu„)(ix < / /hom(a;; Vw„)dx-77 

Ja^+A \ £n / Ja„+A 



^ / /hom(a;; Vu)dx 

Ja+{l-p)A 



+(3 f (l+ \Wu\P + \WUn\P + -\U- U„|P ] dx~TJ 



< / ./hom(a;;Vu)rfx- J + ^ / \u-Urr\Pdx. (2.23) 

Ja+{l-p)A ^ P Js„ 

Since u„ ^ u in LP{R^;R'^), by (2.22) and (2.23) we have 

limsup / /a;, — ;Vu„)da;s^ / /hom(a;; Vu) dx - -, (2.24) 

n^+oo Ja„+A \ £« / Ja+(l-p)/l ^ 

and as u„ ^ u in VK^'P(a + (1 — p)A;M.'^), by Theorem 1.1 in Baia and Fonseca [8] and (2.24), we get 
/ hom{x;Vu)dx < liminf / l[x, — ; Vu„ ) dx 

Ja+{l-p)A "^+°° Ja+(l-p)A V ^" / 



^ liminf / f [x, — ; Vm„ dx 

ri^+°oJa^+A \ £n / 

f V 

< / .fhom{x;\7u)dx- - 

Ja+(l-p)A ^ 

which is a contradiction. 

Step 2. (General case) Let a G M^. Then a - |[a] ^ [-1,1]^. Given u G W'^^v{a + A;W^), set 
u{x) := u{x + Ja]) and thus u E W^'P{a — Ja] + ^;K''). Applying Step 1 with 77/3, we get the existence 
oi < e'q = eQ{M,(f,rj) such that, for all < e < e'q, there exist v € WQ'^(a — |a] + j4;R'') satisfying 
\\v\\L!'(a--M+A;R'^) < v/^ and 

' f (x,-;'Vu{x)) dx ^ / /hom(a;; Vu(x) + Vu(.T))dx - -. 

Setting t;(a:;) := v{x — Ja]), then w G VFq '^(a + yl;R'') and ||t'||LP(a+/i;R'') =^ § ^ ''7- Therefore, by a change 
of variables 

jfj^^H_-s/u{x)]dx^f fhom{x;\/u{x)+\/v{x))dx~^, (2.25) 

where we have used condition {H3) and (2.3). Writing 

k3. ^■,m^ + r^, with m^ G Z^ and Ir^l < VNe 

e 

by {H^) the inequality (2.25) reduces to 

f(x,--r,;\/u{x))dx;?[ fhom{x;\7u{x) +\/v{x)) dx - ^. (2.26) 

a+A ^ £ ' Ja+A 3 
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Choose A > large enough (depending on rj) so that 

pf (l + |Vu|P)dx^ J. (2.27) 

J{\Vu\>\}n[a+A] O 

Fixed p > 0, by Scorza-Dragoni's Theorem there exists a compact set Kp C a+A with C^ {[a+A]\Kp) ^ p 
such that f : Kp X R^ x M''^^ ^- K is continuous. Take p = p{r]) smaU enough as for 

(3 [ (l + |Vu|P)dxs^ J. (2.28) 

J[a+A]\K, 6 

Then, from (2.27), (2.28) and the p-growth condition {H4) 

/ / (x, - - re;Wu{x)) dx ^ / / (x, - - r^; Vw(x)) dx + J. (2.29) 

Ja+A ^ £ ^ J{|V«|sSA}nKp ^ £ / ^ 

But since / is Q-periodic in its second variable, then / is uniformly continuous on Kp x R^ x i?(0. A) . Thus, 
as r^ ^ 0, for any 77 > there exists Eq = Eg (r/) > such that for all e < Eg and all x G {| Vu| < \}r]Kp, 



f [x, r^; Vu(a;) j - / [x, -; VM(a;)j 



< 



3C^{A)' 



Hence 

77 

3' 



fix, r^;\/u{x)] dx ^ f{x,—,\/u)dx + 

'{\Vu\^X}nKp V e / J{\Vu\^\}nKp £ 

and consequently, by (2.26), (2.29) and (2.30), for all e < eg := min{eo,eo} we have 

f (x, —;\/u{x)] dx ^ /hom(a;; V'u(x) + Vu(x)) dx — 77. 



(2.30) 



a+A ^ fc ' Ja+A 



We are now in position to prove that fi^x ~ /hom- 

Lemma 2.8. For all ^ e R'^x^, /i,,,„(0 < ./{s„}(0- 

Proof. By Lemma 2.6, given ^ e M'^^^ there exists a sequence {w„} C Wq'^{Q;M.'^) such that w„ ^ 
in LP(g;M'') and 

/{,„}(0= lim //f-,^;C + Vw„(x)') dx (2.31) 

(see e.g. Proposition 11.7 in Braides and Defranceschi [14]). Following the same argument as in Lemma 
2.5, by the Decomposition Lemma, there is no loss of generality in assuming that {|Vw„|p} is equi- 
integrable. Thus, from Do La Vallce Poussin criterion (see e.g. Proposition L27 in Ambrosio, Fusco and 
Pallara [3]) there exists an increasing continuous function ip : [0, +00) -^ [0, +00] satisfying (p{t)/t -^ +00 
as t ^- +00 and such that 



Changing variables (2.31) yields 



sup / ip{\Vwn\^)dx ^ 1. 

neVfJo 



/{e„}(0= lim 7fN / (x, — ;C + Vz„(x) ) dx 



'(0,T„)" V £ 

and 



snp^ f ip{\Vz„\P)dx^l, (2.32) 

n&i J-n J(0,T„)" 



'-n J(0,T„) 
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where we set r„ := l/e„ and z„(a;) := T„w;„(x/r„) with ;j„ G VKo'^((0, T„)^; M''). For any n G N define 
/„ :— I 1, ..., [[T„] >, and for i £ In take a" G Z^ such that 



iei 
Thus 



\Ji< + Q)^iO,Tnf. (2.33) 

/{e„}(0 Ss limsup-j^ ^ / / (x, — ;C + Vz„(a;)) dx. 



(2.34) 



Let M > 2 and 77 > 0. For n G N define 



■Ja"+Q 



We note that for any M > 2, there exists n{M) G N such that for aU n ^ n{M) sufficiently large so that 
T„ > M, /^ 7^ 0. In fact, if not we may find M > 2 and a subsequence rife G N satisfying 



/ (^(|Vz„JP)dx > M, 



-lAf 



for all i G /n^. . Summation in i and (2.33) would yield to 

(0,T„J" 

which is in contradiction with (2.32). We also note that in view of (2.32) 

Card(/„ \ /f )M < V / '/'(|Vz„r) dx ^ ( </^(|Vz„|p) dx sC T^' , 

and so 

Card(/„\/f)^^. (2.35) 

By Lemma 2.7 there exists £0 = eo(-^) ??) such that, for any n large enough satisfying ^ e„ < eo and 
for any i G I^ , we can find w"' '"' G VK(,'^(«" + Q;!^'') with ||w"' '''llLP(aj'+Q:R'') =^ ?? and 

/ / ( a^> — ;^ + Vz„(x) I dx ^ / /hom (a:;'C + Vz„ + Vwf '^'''j dx - 77. 

Consequently, for n large enough 

Y, I f(x,—;^ + ^Zn{x)]dx^J2[ /hom(x;C + Vz„ + V7;r''^''')dx-r;card(/f). 

As Card(/^^) ^ |T„] , dividing by T^ and passing to the limit when n -^ +00 we obtain from (2.34) 
/{,„}(0^1imsup-^ ^ / h,^{x;C + \/r'^'^)dx (2.36) 

where ,/)«>^^'' g VKo'^((0;T„)^;R'^) is defined by 

2n(a;) + vf'^'^'ix) if X G a" + Q and 7 G /f 



./."^^^^"(x) 

z„(x) otherwise. 
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Now, in view of the definition of 0"^*'^^'', the p-growth condition (2.4) and (2.35), 



^TL I tXtC 



ie/„\/M "'"?+' 



«e/„\/5 ""+' 



< J^ V 



iei„\i^' 



{l + \Vzn\P)dx 



a?+Q 



< 



M T, 



N 



E 



IWzJPdx 



iei„\i^' ""^ 



M ^ 



U Tr(ar+Q) 



|Vw;„|Pdx. (2.37) 



By (2.35) we have that 



Consequently, in view of the equi-integrability of {|Vw„|p} and (2.37), we get 

M,n,n In .^j > ,„ Ja"+Q 



iel„\l^' ' 



Therefore, (2.36) and (2.38) imply 



/{e„}(0 ^ limsup 7^ E / /hom(a;;e + V^"^^^") dx. 

M,v,n ^n i^j^Ja^+Q 



Similarly, since 



C" \Q\ 



U T^i< + Q) 



LiG/„ 



as n ^ +00, we get that 



limsup—^ . 

M,ri,n J„ "'(0,T«j\ 



U (a^+Q) 



homix;( + Vr'^-'')dx^O. 



Hence by (2.39), (2.40) and (2.7) we get that 



/{,„}(e) > limsup-^ / hoAx;C + Vr'''''')dx ^ UUO- 

M,r],n J^n J(0,T„)« 



(2.38) 



(2.39) 



(2.40) 



Let us now prove the converse inequality. 
Lemma 2.9. For all ^ e R'^x^, 7h,,„(C) ^ /{s„}(C)- 

Proof. In view of (2.7), for (5 > fixed take T = Ts E N, with Ts -^ +oo as 6 
Wo'P((0,T)^;R'^) be such that 



0, and 



fhomiO+S^ 7^ 



Ihom{x;£,+V(t>{x))dx. 



h e 



(2.41) 



(0,T)' 
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By Theorem 1.1 in Baia and Fonseca [8] and, for instance, Proposition 11.7 in Braides and Defranceschi 



[14], there exists a sequence {0„} C VKo'^((0, r)^;M'') with </)„ ^ in LP{{0,T)^ ■,W) such that 



(0,T)« 



fhom{x; ^ + V 4>{x)) dx = Urn 



n — *+oc 



(0,T)' 



/ X, — ;^ + V(f)n{x) dx. 



(2.42) 



Further, in view of the Decomposition Lemma (sec Fonseca, Miiller and Pedregal [26] or Fonseca and 
Leoni [24]), we can assume - upon extracting a subsequence still denoted by {(f>n} - {|V^„|^} to be 
equi-integrable. Fix n S N such that e„ < 1. For aU i e Z^ let af € £„Z^ n (z(T + 1) + [0,£„)^) 
(uniquely defined) (see Example in Figure 4). 



^jl 





-1 — ^--1 


^I ' 



Figure 4: Example for T = 1, i = (0, 1) and N = 2 

In particular, the cubes a" + (0, T)^ are not overlapping because if i,j € Z^ with i ^ j, then \i — j\ ^ I 
and thus [of -a^l > T. Set 

/)„(x-af) if 3;e af + (0,T)^ andieZ^, 

otherwise, 

then 0„ e VKi^P(R^;M''). Let /„ := {i e Z^ : (0,T/£„)^ n {af + (0,T)^) ^ 0}. Note that 



(i>n{x) 



Card(/„) s^ 



1 



1 



N 



If ^pn{x) ■— Sjifpnix/sn) then V'n -^ in LP{{0, r)^; M''), as n — > +oo, because 



(0,T)' 



\Mx)\''dx = eP 



= gP+w 



(0,T)' 

(0,T/e„) 






£nj 

\Mx)\''dx 

\<j>n{x - a^)\Pdx 



£P+^Card(/„) / \Mx)\''dx 

J(0,T)" 

AT 



s^ £ 



P+W 



1 



1 



(0,T)' 



\MxWdx ^ 0, 



where we have used the fact that (/)„ = on (0, T/sn)^ \ Uie/ ("^f + (0; 2^)^) and that 

SUp||(/)„||LP((0,T)";R'i) < +00 
neN 



(2.43) 
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by the Poincarc Inequality and (2.42). Consequently, 

.F{,„}(e-;(0,r)^) < liminf/ ff^^^-^ + S/M^)] dx 



= lim inf 

n — *+oo 



(0,T) 



/( — ,— ;C + V0„ 



JV V £n £r 



dx 



lim inf e 

n — >+oo 



N 



(0,T/e„)' 



/ he, — ;C + V(^„(a;) dx 



Note that since 



T 



■n N^ 



£„(T + 1) 



from the p-growth condition (H^) it follows that 

^{e^jiesCO,!^)"^) < liminfe,^^/ / (^a;, ^;^ + V0„(x) ) dx 



l,T)' 



+/3(i + icnT^h-(^^) 



AfN 



By a change of variables, for all i & In 



L 



f X, ]^ + V(j)n{x) ] dx 



f[x + a^,^^^;^ + VMx)] dx 

(0,T)" V ^n 



/ x + a7-z(T+l),— ;e + V0„(x) dx, 

(0,T)" V £n / 

where we have used (H^), the fact that T G N and a^/Sn G Z^. By a similar uniform continuity 
argument than the one used in Lemma 2.5 and since (2.43) holds, |a" — i{T + 1)| ^ e„, and {|V0„|p} is 
equi-integrable, it follows that 



^{,„}(e ;(0,r)^')s; liminf / / x,— ;e + V0„(a;) dx + cT'' 1 



T 



T+1 



N\ 



(2.44) 



Consequently by (2.41), (2.42, (2.44) and Lemma 2.6 
The result follows by letting 6 tend to zero. 



T 



T+1 



N\ 



Proof of Theorem 2.2. From Lemma 2.8 and Lemma 2.9, we conclude that /hom(0 ~ ./{e„}(C) for all 
^ e K''^^. As a consequence, T[,^y{u;A) = J^hom(u;^) for all A € Ao and ah u e W^^p{A;R'^). Since 
the F-limit does not depend upon the extracted subsequence. Proposition 8.3 in Dal Maso [19] implies 
that the whole sequence J^e(- ; ^) F(LP(yl))-converges to J-"hom(- ; ^)- • 

2.3 The general case 

Our aim here is to prove Theorem 1.1. 
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2.3.1 Existence and integral representation of the F-limit 

The idea in this case is to freeze the macroscopic variable and to use Theorem 2.2 through a blow up 
argument. This leads us to work on small cubes centered at convenient Lebesgue points of Q which, 
contrary to Section 2, allow us to localize our functionals on A{ii), the family of open subsets of fl. We 
define T^ : LP{n- W^) x A{n) -^ [0, +oo] by 



T,{u;A) := 



I +00 otherwise, 



and we introduce the functional Thom ■ LP{n;M.'^) x A{fl) -^ [0, +oo] 

7ho„,(x; Vu{x)) dx Hue W^'P{A; R"^), 



^hom{w, A) :— ^ Jj^' 

-oo otherwise. 

Given {e^} \ 0+ and A e A{il), consider the T-lower limit of {T^^ (• ; A)}jgN for the LP{A-, M'')-topology 
defined, for u e W^^P{n; M''), by 

J^{£^}(m; A) := inf i liminf J^^^. (u^; A) : Uj -^ u in LP{A; R'^) I . 

Due to the p-coercivity condition in {H4), to prove Theorem 1.1 it suffices to show that for all u G 

r{LP{n))- iim.f,H = / J^,^ixyuix))dx. 

As a consequence of Theorem 8.5 in Dal Maso [19], there exists a subsequence {Sn} = {ej„} such that 
for any A e A{n), J^{^„}(- ; A) is the r(LP(A))-limit of T^J-;A) and, for aU u G W^^P{n"R'^), the set 
function JF{g^j(u; •) is the restriction of a Radon measure to A{fl). Furthermore, from Buttazzo-Dal Maso 
Integral Representation Theorem (see Theorem 1.1 in [18]) it follows that 

Lemma 2.10. There exists a Caratheodory function fs^x '■ ^ x R''^-'^ -^ R, quasiconvex in its second 
variable, satisfying the same coercivity and growth conditions than f , such that 



^{e„}iu;A)^ / f[^^-^{x;Vu{x))dx 
J A 

for every A G Aijl) and u e W^^P{n]W^). Moreover, for all ^ G M''^^ and a.e. x^Vt, 

/{e„} {x; - iim ^ . 

2.3.2 Characterization of the F-limit 

Like in Section 4, we only need to prove that /{e„}(x; £,) ~ /hom(^i for s-^- x and all ^. For this purpose 
let L be the set of Lebesgue points xq for all functions /{e„}(- ]£,) and /hom(' '^0^ fo'' ^U C '= Q''^^. We 
have C^ {Q, \L) — and we will first show in Lemma 2.11 and 2.12 below that the equality /{e„}(a;; (,) — 
fhom{x; O holds for all X e L and all ^ € Q'^^^ . By definition of the set L it is enough to show that 



f{e„}ix;Odx= f^^^{x;£,)dx, (2.45) 

Q(xa,S) JQ(xa,S) 



for every xq E L and each S > small enough so that Q{xo, S) E A(fl). 
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Lemma 2.11. For all ^ E 



\,dxN 



and all xq G L, 



Qixo.S) JQ(xa,S) 



Proof. Let ^ e Q'^^^ and xq G L. Let {u„} C W^''p{Q{xq,5)\W^) be a recovering sequence for 
•^{ere}(C' ;Q(2^o;<5))i that is, a sequence {u„} such that u„ ^ in _LP((5(a;o, (5);IR.'') and 

/ f{e„}{x]i)dx = T{^^}{e,-]Q{xo;5))= lim / / ( a;, — , ^;^ + Vu„(x) ) dx. 

As before, the Decomposition Lemma (see Fonseca, Miiller and Pedregal [26] or Fonseca and Leoni [24]) 
let us to assume that {|Vu„|p} is equi-integrable. We split Q{xq,5) into h^ small disjoint cubes Qi^h 
such that 

Q(xo,^) = UOu. and C"" {Q,,h) ^ {5/hf . (2.46) 



Then 



/ /{e„} {x; €) dx ^ lim V / / 



X, — , — ;C + Vu„(a;) ) dx. 



Let ?7 > 0. By Scorza-Dragoni's Theorem (see Ekeland and Temam [22]), there exists a compact set 



Kjj C ft such that 



C''{n\K^)<r^, 



(2.47) 



and the restriction of / to Krj x R^ x M^ x W^^^ is a continuous function. Given A > 0, we introduce 

i?^:={xeO:|e + Vu„(x)| ^ A}, 

for all n G N and we note that due to Chebyshev's inequality, we have 

C 



for some constant C > independent of n and A. Then 



AP' 



(2.48) 



/ /{e„}(2;;0c^2; ^ limsupV / ., 

JQ{xa,S) \,ri,h,n -^^ JQi,hnK^nR>i 



X X 

f ( X, — ,— ;^ + Vu„(x) ) dx. 



-n ^n 

In view of condition (i/3), / is uniformly continuous on K^i x R^ x R^ x _B(0, A). Denoting by u^n^x '■ 
R+ -^ M+ the modulus of continuity of / on X,, x R^ x R^ x B(0, A), for every {x, x') G [Q^h^K^r^ 



i?,^] X [Q,,,, n K,] 



I [ a;, — ,— ;C + Vu„(x) 1 -/ la;',— ,— ;^ + Vu„(x) 

£n £„ / V £n £„ 



s^ ti;„.A(|a; - x'l 



'^'?,A 



^ UJ, 



NS 



vA 



(2.49) 



From (2.46) and (2.49), after integrating in (a;,a;') over [Qi^h C] KrjC] R^] x [QiM H X^], we get since ujri,. 
is continuous and satisfies w^^a(O) = 



E 



JJV 



Qi.hnK^ \JQi,hnK^nR: 



^S'' 



f ( 2;, — ,— ;^ + Vu„(a;) 



^n £'r. 



-/(a;',— ,4;e + Vu„(x) 

£n £^ 



dx > dx' 



N6 



^iJ.A 



/i — ^+00 
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uniformly in n G N, for all 77 > and A > 0. Hence, by Fubini's Theorem 



^limsup^^/ \f /(a;',-,^;e + V«„(x)) dx';>dx. (2.50) 



2 



However, as a consequence of {H4) and (2.47) we have that for all A > 0, 

wl]/ \l .f(x',—,^;^ + Vunix))dx'\dx 

2 — 1 

</3(l + AP)£^(f^\/f„) >0 (2.51) 

uniformly in n G N and /i G N, and similarly 

wE/ W f{x',-.^;£,+^nn{x)]dx'\dx^l3{l + XP)7^~^Q, (2.52) 

uniformly in n G N and /i G N. Moreover, (2.46) and (2.48), together with the equi-integrability of 
{\Vur,\P}, yield 

^^P Yn^ \ f {x',—,^;^ + Vun{x)] dx'\ dx 



<sup/3/ {l + \S/un{x)\P)dx >0. (2.53) 

new JQ{xa,S)\R^ A^+oc 



Finally, (2.50)-(2.53) and Fubini's Theorem lead to 

f{e^}{x;C)dx 



Q{XQ,5) 



f [ x\ — , — ;^ + Vu„(a;) ) dx \ dx' 



^liinsup-^^/ <^ 

^ limsup —TT y^ / < liminf / fix, — , ^7; C + Vu„(x) I rfx > dx'. 



(2.54) 



where we have used Fatou's Lemma. Fix x' G Qi^h such that /homl^'sC) is well defined and apply 
Theorem 2.2 to the continuous function {y,z,^) 1-^ f{x',y,z;^). Since u„ ^ in LP{Q{xo,S);M.'^), we 
can use the F-lim inf inequality to get 

f f X x \ ,5^_ , 

liminf/ / x', — , — ; ^ + Vw„(a;) dx ^ -j^j- f j^^^ix' ; ^ ■ 

Then, in view of (2.54) we conclude (2.45). ■ 

Lemma 2.12. For all ^ G Q*^^^ and all xq G L, 

f{e„}{x;Odx i^ J^^^{x;^)dx. 

Q(xo,S) JQ(xo,S) 
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Proof. As in Lemma 2.11, we decom.pose Q{xo,S) into h^ small disjoints cubes Qi,h satisfying (2.46). 
Since / and fY^om ^^^ Caratheodory functions, by Scorza-Dragoni's Theorem (see Ekeland and Temam 
[22]) for each 77 > 0, we can find a compact set X^ C Q(xo, S) such that 

C''{Q{xo,6)\Kr,)<v, (2.55) 

/ is continuous on K^ x R^ x R^ x W^"^^ and J^^^ is continuous on X,, x M'^^^. Let 

For i e Ifi.jj, choose x^ ''' e X^ n Qi^h- Theorem 2.2, together with e.g. Proposition 11.7 in Braides and 
Defranceschi [14], implies the existence of a sequence {u"' ''''} C WQ'^{Qi^h',^'^) such that u"' '''' ^ in 
LP{QiM; R"^) as n -> +00 and 

Set 

{u"' '''(x) if a; € Qi^h and i G 4^^, 
(2.56) 
otherwise. 

Then «} C VKo'^(g(xo,5);M''), < ^ in LP(g(xo, (5);M'') as n ^ +00 and 

hminf ^ / 7hom(^- '"; dx = hminf \irn Y. I f f ^'''' "' 4; ^ + V<) ^^- (2-57) 

In view of (2.5) and (2.55) we have 

sup ^ / 7i,U4'';Odx^/3il + \Cr)C''iQixo,S)\K,)^-^0, (2.58) 

thus from (2.57) and (2.58) it comes that 



liminf V / fhom{x'l''';Odx 

^hminf^/ f(x1'\-,^;^ + Wul)dx. (2.59) 

Since ,/hom(' iC) is continuous on iiT^, it is uniformly continuous. Thus, denoting by o;^ its modulus of 
continuity on iiT,,, we have for all x G Qi^h H -ft'r;. 



l/ho„.(x;C) - ,/hom(xf''';C)l ^ ^.(k- ^- '"!) < a;J ^ j ^-^ 0. (2.60) 

In view of (2.55), (2.60) and (2.59), we get since Qi,h H X^ = for i ^ /^,,,, 
l\,oJy^-^i)dx = lini / /hojj,(x;Oc?a; 



= liminf ^ / 7hom(2;f''';0c^a; 

^ liminf 5] / /('^M^^^^.^ + v^'jdx, (2.61) 
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{x e Q{xa,5) : |C + V<(x)| < A}. From (2.57) and the fact that ii^ = on Q{xo,8) \ 



Uie/;,,^ Q^,h, we get 



sup / \Vu1\Pdx < +00. 

neN,ri>oJQ{xo,S) 



(2.62) 



In particular, according to Chebyshev's incquaHty, we have 



C 



C'^Qix„,5)\R^^^)^- 



AP' 



(2.63) 



for some constant C > independent of n, rj and A. Since / is continuous on Kr, x E^ x R^ x E^^^ and 
separately Q-periodic in its second and third variable (see assumption {H3)), it is uniformly continuous 



on Kjj X 



pN ^laN 



X _B(0, A). Thus, denoting by lu,^^x its modulus of continuity on K,^ x R" x R" x B{0, A), 



we have for all x e Qiji n K,) n i?„ ,,, 



fix 



On Srn 



;C + V<(x))-/fx^^f,^;e + V<(x) 



s$ tj^,A(|a;-xf'''|) 



^ w. 



riA 



h^-\-oc 



Then, according to (2.61) and the fact that Qi_h H Kj^ = for i ^ Ih,r)i 



L 



Q{xo,5) 



fhom{x;Odx ^ liminf V / 



/(x,-,4;e + V<) dx, 



lim inf 



^n E^ 



In view of the p-growth condition (-^4), (2.55) and the definition of R^ „, 



sup 






then 



i 



Q{xo,S) 



fhomi^iOdx ^ liminf / / (a;, — ,^;^ + V< ) dx. 



Let Afc /^ +00 and 77^ \ 0+, by a diagonalization procedure, it is possible to find a subsequence {uk} 
of {n} such that, upon setting Vk := u^^ and i?fe :— Rnl.jj^, then Wfe e Wq'^{Q{xo,S);M.'^), 1;^ ^ in 
LP{Q{xo,5);R'^) and 



/hom(2;; dx ^ liminf / / ( x, , ^-; ^ + Vi;^ ) dx. 

By (2.62) and the Poincare Inequality, the sequence {vk} is bounded in W^'P{Q{xo,S);M.'^) uniformly 
with respect to fc € N so that, according to the Decomposition Lemma (see Fonseca, Miiller and Pedregal 
[26] or Fonseca and Leoni [24]), there is no loss of generality to assume that {|Vffc|''} is equi-integrable. 
It turns out, in view of the p-growth condition (-^4) and (2.63) that 



/. 



Q(xo,S}\Rk 



X X 

f I X, ,^5-;C + Vi^A; ) dx s$ /3sup 



{I + \Vvi\P) dx ~ 

ieN jQ(xo,S)\Rk *=- 
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Thus, using the r-Uminf incquahty, 



fhomi^iOdx ^ liminf / fix, , ^-; ^ + Vi;*; ) dx 

Q(xo,S) ''^+'^ Jq{xo,S) \ £nfc Suk 

JQ(xo,S) 



Proof of Theorem 1.1. As a consequence of Lemma 2.11 and 2.12, we have /hom(2^;C) = ./{e„}(a;;C) for 
all X G L and all ^ e <Q^^^ . By Lemma 2.10 and the fact that /jjom is (equivalent to) a Caratheodory 
function, it follows that the equality holds for all ^ G K''^''^ and a.e. x e fi. Therefore, we have 
T{^^}(u]A) = TY,om{u]A) for all A G A{^) and all u G W'^'^{A]W^). Since the result does not depend 
upon the specific choice of the subsequence, we conclude thanks to Proposition 8.3 in Dal Maso [19] that 
the whole sequence J>(- ; A) r(LP(A))-converges to ^hom(- ; A). Taking A = il we conclude the proof of 
Theorem 1.1. ■ 

2.4 Some remarks in the convex case 

We start this section by noticing that under the additional hypothesis that /(x, y, z, •) is convex for a.e. 
X and all (y, z), in which case {Hi) is equivalent to requiring that /(x, •, -,£,) is continuous for a.e. x and 
all ^, equality (1.6) and (1.7) simplify to read 



/hom(a^;0=inf|y /hom(x,y;^ + V0(y))dy, G Wo''P(0; R^) (or equivalently </) G T4^pii?(0;K'^)) 
for aU ^ G W^'^^ and a.e. x eVl, and 
/hom(a;, y; = inf ( / ./(a;, y, z; C + V(/)(z)) dz, </- G <'^(0; M^) (or equivalently G TypiiP(Q; R*^)) 



for a.e X G O and all (y,^) G M^ x K''^^ (see Miiller [33] and Braides and Defranceschi [14]). 

Our objective here is to present an alternative proof of Lemma 2.12 in the convex case. Namely we 
would like to show that /{e„}(xo;^) < /hom(2^o;C) a.e. xq G fi and all ^ G W^^^ , without appeahng to 
Theorem 2.2. For this purpose let us denote by S (resp. C) a countable set of functions in C^{Q;W'-) 
(resp. C^{Q x Q;IR'')) dense in Wq'P{Q;W^) (resp. LP(Q; Wo'P(Q;M^))). Define L to be the set of 
Lebesgue points xg for all functions 

/{e„}(-;0, 7hom(-;0 (2.64) 

and 

/(x, y, z; e + Vj,</)(y) + V^V'(y, ^)) ^2/ rf^, (2.65) 



with G 5, -i/; e C and ^ G Q''^^, and for which /hom(a;o; • ) is well defined. Note that L^ {Vl \ L) = 0. 
Let xo G L and C G Q'''^^, then 

1 /■ f f c^.1 r •^{e„}(^;<^(a;o,5)) 

Iq{x(uS) 

Given to G N consider (bm G S such that 



/{£„}(2;o;C) = liniTF / /{£„}(2;;0'^a;= lini — !-^^J^ — -j^ . (2.66) 



/hom(2;o;OH ^ / /hom(a;o,2;;^ + V(/)„(j/))dy. (2.67) 
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Then by Theorem III. 30 in Castaing and Valadier [17] and foUowing a similar argument as in Lemma 4.6 
in Fonseca and Zappalc [25], there exist $„ G ^^(Q; Wo'^(Q;M'')) such that 

/hom(a;o,2;;C + V(/)„(2;)) H ^ / f{xo,y,z;( + Vy(t)miy)+'^z^miy,z))dz. 

m Jq 

We now choose $m,fe G C such that 

|j*m,fc - ^™|lip(Q.H^^i.P(Q.Kd)) ^^^^> 0> (2-68) 

and we extend (p„i and $m,fe periodicaUy to R^ and R^ x R^, respectively. For each x G M^ define 






and consider (5 > small enough so that Q(xq,5) G .4(11). For fixed m and /c we have u^ j. ^ w in 

L''((5(xo;(5);R'^) as n ^ +oo, where v{x) — S, ■ x. Hence by (2.66) and the p-Lipschitz property of 
f{x,y, •) (see Marcellini [32]) 



\ f / X X I X \ 

^ En. S^ ^ 



Q{xo;S) 

/a; X 



dx 



1 /" „ I X X ^ , I x 



fe,<5,n d Jq(xo;S) \ £« '^n \ £" 

+V^$„,,fc( — ,4) ) c^a;. (2.69) 

Arguing as in Proposition 4.10 in Baia and Fonseca [8], we define 

hm,k(x,y,z) ■- f{x,y,z;^ + Wy(l)m(,y) + ^z^m,k{y^^))- 
Then (see e.g. Allaire and Briane [2] or Donato [21]) since hm,k G LP{Q{xo,S);Cpcr(Q x Q)), we get 

/ t X X ( X \ t X X \\ 

liminf / /a;, — ,^-;^ + Vyi/'™ — ^^ z^mA — , -it]\ dx 

= lim / hm,kix, — ,^r]dx 

I I hra.k{x,y,z)dzdydx 

Q{xo:S) JqJq 

/ / f{x,y,z;^ + Vy4>miy) + V,^„,,kiy,z))dzdydx. (2.70) 

lQ(xa:S) JqJq 

Therefore by (2.65) 

1/* ( X X ( X \ ^ X X \\ 

liminf liminf--^ / / x, — , — ; ^ + Vj,0„ — + V^$™^fc( — , -^ j \dzdydx 

f{xo,y, z;^ + Wy(p„i{y) + ^z^m,k{y^ ^)) dz dy, 
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and thus, by (2.68), (Hi), (2.69), (2.67) and Fubini's Theorem, we obtain 

JqJq 

f{xo, y,Z;^ + Wy(t)rn{y) + ^z^m{y, z)) dz 

1 



dy 



^ / /hom(a;o,y;C + V(/)„i(2/))dy + 



m 



— 2 

«^ /hom(2;o;0 + — • 

m 
Letting m -^ +oo we deduce that f{s„}{xo',0 ^ fhomi^f^iO- ' 

3 Application to thin films 

This part is devoted to the study of a reiterated homogenization problem in the framework of 3D-2D 
dimensional reduction. Our main result is stated in Theorem 1.2. We organize this section as follows. In 
Subsection 3.1 we discuss the main properties of Whom and Whom- Then, in Subsection 3.2 we address the 
case where W is independent of the macroscopic in-plane variable Xq, (Theorem 3.2). Finally, Theorem 
1.2 is proved in Subsection 3.3. 

Remark 3.1. Without loss of generality, we assume that W is non negative upon replacing W by W + f3 
which is non negative in view of (^4). 

3.1 Properties of VFhom 

As in Section 2.1 we can see that the function Whom given in (1.12) is well defined and it is (equivalent 
to) a Caratheodory function: 

Whom(-, • ;C) is -C^ «) r^-measurable for all ^ e K^""^, (3.1) 

Whom(a;, j/q; •) is continuous for £^ (g) £^-a.e. (x, j/q) G il x M^. (3-2) 

By condition (^3) it follows that 

Whom(a;, • ; is Q'-periodic for a.e. x e ft and all ^ e M^^^. (3.3) 

Moreover, Whom is quasiconvex in the ^ variable and satisfies the same p-growth and p-coercivity condition 
(Ai) as W: 

h^\P - /3 < Whom(x,ya;e) < /3(1 + I^D for a.e. a; e r! and aU (y^,^ e M^ x M3x^ (3.4) 

where /3 is the constant in (^4). Arguing as in Remark 2.2 in Babadjian and Baia [6], (3.1), (3.2) and (3.4) 
imply that the function Whom given in (1.11) is also well defined, and is (equivalent to) a Caratheodory 
function, which implies that the definition of Whom makes sense on W^'^{fl;R.^). Finally, Whom is also 
quasiconvex in the S, variable and satisfies the same p-growth and p-coercivity condition (A4) as W and 

Whom: 

^l?r-/3<Whom(a;a;f)s=:/3(l + |?r) for a.e. x^ e w and aU ^ e M^^^^ (3.5) 

where, as before, /3 is the constant in (A4). 
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3.2 Independence of the in-plane macroscopic variable 

In this section, we assume that W docs not depend expUcitly on Xa , namely W : / x M'^ x M^ x ] 
For each e > 0, consider the functional Wg : L^iri; M.'^) — > [0, +oo] defined by 



We{u) 




f W ( X3, -, ^; Vau(a;) -\/3u{xU dx if u e W^-P{n; M?), 



(3.6) 



-oo otherwise. 
Our objective is to prove the following result. 

Theorem 3.2. Under assumptions {Ai)-{A4) the T{L'P{Q))- limit of the family {yVe}e>o is given by 

,.; .^ , ^ , Whom(V„u(a;„))dx„ tfueW^'P{Lo;M.^), 

+00 otherwise, 

where Whom is defined, for all S^ C^ Mp^'^ , by 

WhomiO ■■= ^lim inf|-j;2 / VKhom(2/3, ya; C + Va0(y)|V30(2/)) dy : 



4>e W^'P{{0,Tf xI:R^) and(j)^0 on d{Q,Tf x /|, (3.7) 



and 



VFhom(y3,ya;C) := lim inf|— -/ 14^(^3, y^, Z3, z^; ^ + V0(z)) dz : 

cf>eW^^P{{0,Tf;R')}, (3.8) 



for all (y, ^) G R^ x 



p3x3 



Since the proofs are very similar to that of Section 2.2, we just sketch them highlighting the main 
differences. For the detailed proofs we refer to Babadjian [5] Chapter 2. 

3.2.1 Existence and integral representation of the F-limit 

For the same reason than in the proof of Theorem 2.2 in Section 2.2, we localize the functionals given 
in (3.6) on the class of bounded open subsets of R^, denoted by Aq. For each e > 0, consider We ■ 

LP(R2 X /;R3) X ^0 ^ [0, +00] defined by 

I +00 otherwise. 

Given {sj} \ 0+ and A e Ao, consider the F-lower hmit of {We^ (• ; ^)}jeN for the LP^AxI; R^)-topology, 
defined for u e LP{R^ x /; R^), by 

W{ei(u;A) ■- inf |liminfyV£.(u,;^) : -u,- ^ m in ^^(A x /:R3) I . 

In view of the p-coercivity condition (A4), for each A G ^0 it follows that yV[e}{u; A) is infinite whenever 
u e LP(R2 X /; R3)\ VFi'P(A; R^), so it suffices to study the case where u € W^'piA; R^). Arguing as in the 
proof of Lemma 2.6 in Braides, Fonseca and Francfort [16], we can prove the existence of a subsequence 
{Sjj = {£„} such that W{e^yi-;A) is the r{LP{A x /)-limit of {yVe„(- ;^)}nGN for each A e An- In 
addition, following the lines of Lemma 2.5 in Braides, Fonseca and Francfort [16], it is possible to show 
the following result. 
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Lemma 3.3. For each A € Ao and all u G W^'^{A]M?), the restriction of W\^^^}{u;-) to A{A) is a 
Radon measure, absolutely continuous with respect to the two-dimensional Lebesgue measure. 

But as in Section 2.2.1, one has to ensure that the integral representation given by Theorem 1.1 
in Buttazzo-Dal Maso [18] is independent of the open set A E Aq. The foUowing resuh, prevents this 
dependence from holding since it leads to an homogeneous integrand as it will be seen in Lemma 3.5 
below. 

Lemma 3.4. For all 1 e R^'''^, y^ and z^ e M^ and S > 

W{s„}(?-;Q'(2/°,<5)) = W{,„}(?-;Q'(z°,J)). 

Proof. It is obviously enough to show that 

W{s„}(e-;Q'(2/°,'5))^W{.„}(e-;Q'(z°,<5)). 

According to Theorem 1.1 in Bocea and Fonseca [11] together with Lemma 2.6 in Braides, Fonseca and 
Francfort [16], there exists a sequence {u„} C W^''''{Q'{y'^,6) x F.W^) such that {| (VaU„| j!-V3M„) |^} is 
equi-integrable, Un = on dQ'{y^, S) x I, Un ^> in LP{Q'{y'^,5) x /; M^) and 



W{s„}(f ;g'(yo,'5))= lim 



n— ^ + oo 



'iy°c^s)xi 



XX 1 

W { X3, , -^■,£,+'VaUn{x) —V3Un{x) ] dx . 

£n £n 

,0 on^ ^0 



We argue exactly as in the proof of Lemma 2.5 with j/J^ and z^ in place of j/o a-nd zo- For a-U « G N, 
extend u„ by zero to the whole M.^ x I and set Vn^Xa^x^) — Un{xa -\-x'^^,xz) for {xa^x^) G Q'{z'^,6) x /, 
where x^" := me„£„ - £%^. Then {i;„} C W^^P^Q'izl^S) x I-m?), !;„ ^ in L'p{Q'{zI,5) x I-M?), the 
sequence { (VqW„ — V3W„) } is equi-integrable and 



W{s„}(f ;0'(ya,'5)) 



= limsup / H^ I xa, 



£nls„, — , ^;^ + VaW„(a;) WiVnix) ] dx, (3.10) 

£n. £rn C77, 



where we have used the p-growth condition (^4) and the fact that C'^{Q'{z%, 5) \ Q'iy^ ~ 2;^" , S)) -^ 0. To 
eliminate the term £„ l^^ in (3.10), we would like to apply a uniform continuity argument. Since for a.e. 
X3 G I the function W{x3, ■,■;■) is continuous on R^ x K^ x M*^^"^, then (A3) implies that it is uniformly 
X B{0, A) for any A > 0. We define 



continuous on R^ x M^ 



R„ := 



xeQ'{z'i,S) xl 



^ + VaVn{x) VsVnix) 



1 



^A 



and we note that by Chebyshev's inequality 

C%[Q'{zlS)xI]\R^J^C/XP, (3.11) 

for some constant C > independent of A or n. Thus, in view of (3.10) and the fact that W is nonnegative, 

W{e„}(?-;0'(2/°,'5))^ limsup / w(x3,— ~enle„,—,^;I+^aVn{x) — V3«„(x)) dx . 

Denoting by LUxixs,-) : M+ ^ M+ the modulus of continuity of W{x3,-,- ;■) on R^ x M^ x 5(0, A), 
we can check that for a.e. ^3 G /, the function t t-^ LU\{x3,t) is continuous, increasing and satisfies 
wa(x3,0) = while, for all t G K+, the function a;3 h^ uj\{x3,t) is measurable (as the supremum of 
measurable functions). We get, for any x G R^ 

/ X X 1 1 

Wlx3, — ,-^;£, + ^aV„{x) V3Wn(a;)) 

-W 1x3,-^ -e«^£„,— ,^;?+ VaW„(a;) — V3i;„(x) 

SC UJx{x3,Snle„)- 
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The properties oi ujx, Beppo-Levi's Monotone Convergence Theorem and (3.10) yield 
W{e„}(?-;Q'(y°,<5)) ^ lim 

-(5^ / Wa(x3, £„?£„) dx3 



limSUp< / Wixs, ,-Y:i + '^aVn{x) \/3Vn{x)\dx 



= lim inf 

n — * + oo 



W ( X3, — , -^;^ + VqW„(x) — VaVnix) ) dx 



where we have used the equi-integrability of { (VqW„ — VaWn) }, the p-growth condition {A4), (3.11) 
and the fact that i;„ ^ in LP(Q'(zO , 5) x /; R^). " ■ 

As a consequence of this lemma and adapting the argument used in the proof of Lemma 2.6, we deduce 
that 

Lemma 3.5. There exists a continuous function VF{e„} : M'^^^ -^ IR+ such that for all A G Aq and all 

ueW^^P{A;R^), 

W{e„}(M;A) ==2 / Wi,^y{Wo,u{xa))dxo,. 

J A 

3.2.2 Characterization of the F-limit 

In view of Lemma 3.5, we only need to prove that M^hom(C) = ^{e„}(C) fo'' ^U ^ "= R'^^^, and thus it 
suffices to work with affine functions instead of with general Sobolev functions. 

We state, without proof, an equivalent result to Proposition 2.7 for the dimension reduction case. 

Proposition 3.6. Given M > 0, ry > 0, and ip : [0, +00) -^ [0, +00] a continuous and increasing function 
satisfying ip{t)/t -^ +00 as t ^ +00, there exists Eq = £o{M, rj) > such that for every < e < Sq, every 
a e R2 (j„^ g^g^y y £ T4^i'P((a + Q') x /; M^) yjHh 



(p{\Vu\P)dx <M, 

'(a+Q')x/ 

there exists v G VFQ'^((a + Q') x /;]R'^) with \\v\\Lp((a+Q')xi;m) ^ V satisfying 

•^3 *^a 



(3.12) 



{a+Q')x 



W(x3,x 
I ^ 



on J I 

e e 



Vu dx > 



VFhom (xa , Xa ; Vu + Vt;) dx - ry. 



(a+Q')xI 



Lemma 3.7. For a// ^ e I^^'' , VKhom(C) ^^ W^{£„}(0- 

Proof. From Lemma 3.5, Theorem 1.1 in Bocea and Fonseca and Lemma 2.6 in Braides, Fonseca and 
Francfort, we may find a sequence {w„} C W^'P{Q' x /;M^) such that {| (VqW„| j!-V3W„) |^} is equi- 
integrable, w„ = on dQ' x /, u;„ — > in LP{Q' x /;R'^) and 



2W^{e„}(0= lim 



W[X3, ,-^;^ + VaWn{x) 

n-,+ocjQ,^j \ £„ £„-= 



1 



V3W„(x) ) dx. 



Thus, from De La Vallee Poussin criterion (sec e.g. Proposition 1.27 in Ambrosio, Fusco and Pallara [3]) 
there exists an increasing continuous function Lp : [0, +00) -^ [0, +00] satisfying ip{t)/t -^ +00 as i ^ +00 
and such that 

1 



sup / Lp 

n&ijQ'xI 



WaWn 



V3W„ 



dx sC 1. 
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Changing variables yields 

^{£„}(C)= lim 7PF2 / W[x3,Xa,—,-^;'^+VaZnix)\V3Znix)]dx 

and 



supij / (^(|Vz„|P)dx^l, 

nGN -t„ J(0.T„)2x/ 



nGN J^n J(0,T„)2) 

where we set T„ := l/e„ and z„(x) :— TnWnixa/TmX^). Note that z„ e VF^'''((0,T„)^ x /;]R^) and 
z„ = on (9(0, T„)2 X /. For aU n e N, define /„ := | 1, • • • , |T„]^ I and for any i G /„, take a" G Z^ such 
that 

U(«r + Q')c(o,r„)^ 

Moreover, for all M > 0, let 



"'(a"+Q')x/ 



'(a7+Q')X-f 



Applying Proposition 3.6, we get for any 77 > and any i E I^ the existence of u"' '^ G WQ'^((af + 
Q') X /;]R^) with \\vi'^''^\\Lp({a^+Q')xi:W^) ^ V and 



W I X3,Xa, , -^;^ + VaZ„|V3Z„ ) dx 

I(af+Q'xl \ ^n £n 



f 

J(aT+Q'xI 

^ 7^ / VKhom (a;3,a;a;?+ VaZ„ + VaU"'*'^'''|V3Z„ + Vswf'^''') (ix-77. 

-^n J(a"+Q')x/ ^ ^ 



'n v/(aJ'+Q')x/ 

Hence, 



(3.13) 



M^|,„}(e)^limsup-^ ^ / W^hom(a;3,a;a;(e|O) + V0"^^^'')dx 

M,r,,n ^^n ^^jMJ(<i? + Q')xI 

where 0"^^-^^'' g T4^1'P((0;T„)2 x I;R^) is defined by 

r z„(a;) + ^^■'^'''(a;) if x G (af + Q') x / and i G /f , 

[ z„ (x) otherwise 

and satisfies cj)^'^''^ = on 9(0, T„)^ x /. In view of the definition of (j)"''^^'^\ the p-growth condition (3.4) 
and the equi-integrability of { (VaW„ — Vauinj |, we get arguing exactly as in Lemma 2.8, 

T4^{,„}(0 ^ hmsup-ij / M^hom(:c3,a;„;e + V„0"^^^^''|V30"^'^^")rf2; ^ Whom(C)- 



Let us now prove the converse inequality. 
Lemma 3.8. For all £_ G R^''^^ TFhom(C) ^ W^{£„}(?)- 

_Proo/. In view of (3.7), for (5 > fixed take T = T^ G N, with Ts -^ +00 as (5 ^ 0, and cp = (l)s e 
W^'P{{0,Tf X /;M3) be such that </. = on 9(0, r)^ x / and 

Wi^omil) + S ^ —^ VKhom(a;3,a;a;? + V„(/)(a;)|V„0(x))dx. (3.14) 

^J J(o,T)2x/ 
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From Theorem 1.1 in Baia and Fonseca [8] (with f{y,z;£,) = W{y3,ya, Z3,Za;£,)), Proposition 11.7 in 
Braides and Defranceschi [14] and Decomposition Lemma (see Fonseca, Miiller and Pedregal [26] or 
Fonseca and Leoni [24]) there exists {(/)„} C Wq'^{{0,T)'^ x /;M^) such that {|V(/)„|p} is cqui-integrable, 
0„ ^ in LP((0,T)2 X /;R3) and 

i(0,T)2x/ 

= lim / W \X3,Xa-, — , — ;C + Va0„(a;)|V30„(x) dx. (3.15) 

"^+°° J(0,T)2x/ \ £n Sn ) 

Fix n e N such that £„ < 1. For all i e 1? let af G e„Z2 n {i{T + 1) + [0, £„)2) (uniquely defined). Set 

f K{xa - <, 2:3) if a; e (af + (0, Tf) x / and i e Z^, 
~^n[x) -.^ I 

[ otherwise, 

then <t)n e W^^P{K.^ X I;R^). Let /„ := {i e Z^ : (0,T/e„)2 n (af + {0,Tf) 7^ 0}. If V'n(a;) := 
£n'i'n{xa/ £111X3) thcu VAi ^ in LP((0,T)^ X /;R'^), as n ^ +00. Consequently, the p-growth condition 
(A4) implies that 



W{,„}(f ;(0,T)2) 



<liminf / w[x3, — ,-^:S, + V aipnix) — V3V'n(a;) ) dx 

^liminfe^^V" / W [x3,Xa,—,-^;1 + ^ a4>n(.x)\^3(j)n{x)] dx 



'(a^ + (0,T)2)x/ 

= liminfe2V / VK f X3,a;„ + a^ - i(T + 1), ^, ^; J+ V„(/)„(x)|V3(/)„(x) ) dx 

where we have used (^3), the fact that T e N and af/en G Z^. We now use the same uniform continuity 
argument than in the proof of Lemmas 3.4 and 2.9, we get 



W{e„}iO ^ W-hom(e) +-5 + h - (j^) 



2\ 



The result follows by letting S tend to zero. ■ 

Proof of Theorem 3.2. From Lemma 3.7 and Lemma 3.8, we conclude that T4^hom(C) = ^{£„}(0 f^^' ^^1 
1 € M^^^^ As a consequence, yV'{;e^}(u; A) = Whom{u]A) for all A e A and aU u e VF1'P(A;]R3). Since 
the F-limit does not depend upon the extracted subsequence. Proposition 8.3 in Dal Maso [19] implies 
that the whole sequence We{- ', A) T{LP{A x /))-converges to yVhom(- ',A). ■ 

3.3 The general case 

Our aim here is to study the case where the function W depends also on the in-plane variable. 
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3.3.1 Existence and integral representation of the F-limit 

As in Section 2.3, to prove Theorem 1.2 it is convenient to localize the functionals Wg in (1.10) on the 
class of all bounded open subsets of lu, denoted by A{uj). For each £ > we consider the family of 
fimctionals We : LP{n;R^) x Aicu) -^ [0, +oo] defined by 

y +00 otherwise. 

Given {ej} \ 0+ and A G ^(i-^) we define the F-lower limit of {We{- ;A)}j^fi with respect to the 
LP {A X /; K3)_topology by 

Wux{u;A):= ini \\immiWe {uj;A) : u^ ^ u m LP{A x I;R^)\ 
for all u e LP(ri;M^). Our main objective is to show that 

>V{g,}=Whom (3.18) 

where Whom : L'''{^\ R^) x A{uj) -^ [0, +oo] is given by 



. 2 / VFhom(a;a;V<,u(a;„))da;„ if w e VF1'P(A;M3), 

KVhom(.U;^j ^ \ J A 

+00 otherwise. 

The conclusion of Theorem 1.2 would follow taking A = uj. By hypotheses {A4) it follows that W{£}('u; A) = 
+00 for each A £ A{uj) whenever u G LP{il,;M.^) \ W^'P{A;M.^). As a consequence of Theorem 2.5 in 
Braides, Fonseca and Francfort [16], given {sj} \ 0+ there exists a subsequence {sj^} = {e„} of {sj} 
for which the functional >V{e„}(- lA) is the T{Lp{A x J))-limit of {We„i- ■,A)}nen for each A e A{io). 
Moreover given u e W^'P{A;M.'^) 



W{e^y{u;A)=2 / VF{e„}(a;„;V„(x„))dx„, 
Ja 

for some Caratheodory function W^^^} : uj x K'^^^ -^ R. Accordingly, to prove equality (3.18) it suffices 

to show that W^en}i^a'-iO = Whoni{xa',0 for ^-S- Xa £ (^ and all ^ G R^^^, which allow us to work with 
affine functions instead of with general Sobolev functions. 

The following proposition, that is of use in the sequel, allow us to extend continuously Caratheodory 
integrands. It relies on Scorza-Dragoni's Theorem (see Ekeland and Temam [22]) and on Tietze's Exten- 
sion Theorem (see Theorem 3.1 in DiBcnedctto [20]). 

Proposition 3.9. Let T4^ : fi x R^ x R^ x R^^^ -^ R satisfying {Ai)-{Ai). Then for any m e N, there 
exists a compact set Cm C fi and a continuous function VF™ : 17 x R"^ x R^ x R'"'^'' ^ R such that 
W"^{x, •,•;•) = W{x, •,•;•) for all x e Cm and 

C''in\Cm)<-- (3.19) 

m 

Moreover, 

- IJa '-^ VF™(a;, j/q, j/3, Zq; ^) is Q' -periodic for all (za,y3,^) G R"^ x R'^^'^ and a.e. x £ fl, 

- (zq,j/3) h^ W"^{x,ya,y3j Za^S,) is Q -periodic for all (j/aiC) G R^ x R'^^'' and a.e. x G fl; 
and for some (3 > 0, we have 

-/3s^ W"'{x,y,za,;0 «: /3(1 + j^j^) for all (y,Za,0 G R^ x R^ x R^""'"^ and a.e x e fl. (3.20) 
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Proof. By Scorza-Dragoni's Theorem (see Ekeland and Temam [22]) for any m G N there exists a com- 



pact set Cm C fl with £ (ri \ Cm) < l/m such that W is continuous on Cm x 



p3x3 



Since 



is a closed set, according to Tietze's Extension Theorem (see DiBenedctto [20]) 

By the construction 



Cm X ^ 

one can extend W into a continuous function W™ outside Cm x 



p3x3 



of W"^ it can be seen that it satisfies the same periodicity and growth condition than W and that it is 
bounded from below by — /3. ■ 

We remark that the above result improve Lemma 4.1 in Babadjian and Baia [6] in which we only 
obtained a separately continuous function. 

3.3.2 Characterization of the r-Hmit 

For each T > consider St a countable set of functions in C°°([0,T]^ x [—1, 1];M'') that is dense in 

{ip e W^'P{{0, Tf X /; M^) : (^ = on 9(0, Tf x /}. 
Let L be the set of Lebesgue points x" for all functions W'{e„}(-;Oi W^hom(-;0 ^^'^ 



Whom(a;a, y3, Va] £, + ^ aif{y)\^ s^fiiv)) dy, 

(0,T)2x7 

with T e N, If e St a.ndl e if ^ , and for which 'W^hom(a;° ; • ) is weU defined. Note that C'^{uj \ L) = 0. 
We start by proving the following inequality. 



Lemma 3.10. For all x^ e L and all ^ e Q3x2^ ^^ j^^^^ ^{e„}(a:° ;0 > W^hom(a;" ; C)- 

Proof. Let 6 > small enough so that (5'(x° , S) £ A{llj). By Theorem 1.1 in Bocea and Fonseca [11] we 
can find a sequence {«„} C W'^'P{Q'ix'^^,5) x I;R^) with u„ ^ in LP{Q'{x°^,S) x P,R^), such that the 
sequence of scaled gradients {(Vq,u„|— VaUn)} is p-equi-integrable and 

>V{e„}(?-;Q'(a:°,<J)) = 2/ W[,^y{x^;OdXo. 



= lim 



n — ^+00 



+°° J Q' {xl,S)ycI 



W ( X, — ,^;^ + VaUn(a;) — VzUn{x) ) dx. 



Given m e N let Cm and W"^ be given by Proposition 3.9. Then since W ^ and W — W™ on 

C„ X M^ X ]R2 X ]R3x3 ^q ^ 



W{e„}(e-;0'(a;^,<5))^limsup 



m,ri J[Q'{xl,5)xI]nC„ 



W"(a;,-,^;e + V„K„(x) lv3U„(x) ) dx. 



By the p-growth condition (3.20), the cqui-integrability of { |(VaU„|— V3M„) I } and relation (3.19), we 
obtain 



/ 



ly" f X, — , ^; e + V„w„(x) — V3Mn(x) ) dx 

'[Q'(a;0,<5)x7]\C„ V ^n £„ £« / 

l+VaUnix) V3U„(x) 



^P (1 + 

'[Q'(xO,5)x/]\C, 



dx 



rn — >+oo 



uniformly with respect to n G N. Then, we get that 
W[,^}il-;Q'ixl,S))^limsnp 



m.n JQ'{x<;^,5)xI 



W"(x,-,^;e + V„«„(x) -V3U„(x))dx. 



-11 ^n 



n 
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For any /i G N, wc split (5'(x" , S) into h^ disjoint cubes Q'^ f^ of side length S/h so that 



Q'(x^,5) = Ug^ 



i=l 



and 



W{e„}(C-;Q'(4,'5)) ^ limsup^ / ^™(':,,^,^.^ + V„«„ 

m,h,n i—iJQ'i^>iI V ^" ^n 

^ hmsupV / Vt^™ a;,^,^;^ + V„u„ 



(a;) — V3U„(x) ) dx 



(x) — V3U„(a:;) ) dx 



where given A > we define 

R^:= (xeQ'(x°,<5)x/ 



^ + VaU„(x) V3U„(x) 



s$ A 



Since W" is continuous and separately periodic it is in particular uniformly continuous on 51 x R^ x R^ x 
5(0, A). With similar arguments to that used in the proof of Lemma 3.5 in Babadjian and Baia [6] (with 
VF™ in place of VF™'^), we obtain 



W{s„}(^-;Q'(a:°,<5)) 



h"^ ^ f f ( XX- 

>limsup — V/ / VK x^,X3,— ,^;^ + VaU„( 

^limsup^:r V"/ liminf/ VK x'„,X3, — ,-^;'^ + Vat 



(x) — V3U„(x) ) dxdx'^ 



u„(x) — V3U„(x) ) dxdx^,(3.21) 



where we have used Fatou's Lemma. We now fix x'^ G Q[ ,j such that Whom{x'a',£,) is well defined, then 
by Theorem 3.2 we get that 



lim inf 



f f 1 \ A 

W ( x'„,X3, — , ^;^ + VaU„(x) V3U„(x) | dx ^ 2--^WY,om{x'a;0- 



Gathering (3.21) and (3.22), it turns out that 



(3.22) 



W{e^}{Xa;Od.Xa> / Whom{x'a] ^x'^- 

Q'{xl,S) Jq'(x%,S) 

As a consequence the claim follows by the choice of x° , after dividing the previous inequality by 5'^ and 
letting (5^0. ■ 

We now prove the converse inequality. 

Lemma 3.11. For all ^ e Q^^^ ^^^ ^n ^.o ^ ^^ VF{e„}(x^; J) s^ W hom (a;^ ; C) • 

Proof. For every ?Ti G N, consider the set Cm and the function W"^ given by Proposition 3.9, and define 
(^'")hom and (VF"')ho„ as (1.11) and (1.12), with W"' in place of W. For fixed r/ > and any m e N let 
KY^ be a compact subset of w given by Scorza-Dragoni's Theorem (see Ekeland and Temam [22]) with 
C'^{uj\K'^) s^-q and such that IW^^om : if" x R^^^ ^ M is continuous . 
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Step 1. We claim that 



21iminf / {W'^^^^ixc.-.Odxo. > 2/ W{,^} {xo^.i) dx^. (3.23) 

To show this inequahty we follow a similar argument to that of Lemma 2.12. As before, we first decompose 
(5'(xJ^, 5) into h^ small disjoint cubes Q^ ^ and we set 

For i e 7™ choose x^ ''''™ e K"^ n Q^ ^. By Theorem 3.2 together with Lemma 2.6 in Braides, Fonseca 
and Francfort [16] there exists a sequence {u^'>^''^'"'} C W^^p{Q[ f^xl: R^) with u'^^'"''^'"' = on dQ'^ ,, x /, 



u 



n^h.r^.m 



in LP(Q^ ^ X /;M^), and such that 



2/ (w^")homK'''''";Odx. 



n^+oc 



QiH>^I 



- lim / T4-™(4''''™,2;3,-,^;e + V„<'''^''^" 



Sji £^ 



— V3W 



n,/i,r/,m 



dx. 



Setting 



w 



■n,h.r},m 



<"(x) 



(x) if Xa G Q- /j and i G I™,,, 



otherwise, 
it follows that {<"} C W^'P{Q'{xl,6) x /;R3) and <■" > in LP(Q'(x°,(5) x /;R3). Thus 



n— * + oo 



21iminf J2 I iW^^^Jx'l^^^^-Odx^ 

h,r] 

>liminf y / W 



m ( h,Ti,m X^ ^-Ci V -j/'''™ 



c^r?, ^*i 



-Vau!!'" dx 



As in Lemma 2.12 we obtain 
2 



Q'(xO,5) 



(^")hom(2^";C)^2;a 



^hminf^ / T^"fx,''''''",X3-,^;C + V„<-™ 



-V3<'" dx, 



where 



with 



K,r,,m--=\^^Q'K,S)XI 



e + v„<'™(x) _v3<'™(x) 



c 



^ A 



£3([g'(xO,'5)x/]\i?^,,,Js=:-, 



XP' 



(3.24) 



for some constant C > independent of n, 77, m and A. Taking into account that W"^ is continuous we 
get that 



/ (W^")hom(^o; ?) dxa. > liminf / VK" [. 

Jq'(x»,S) ^''''" JRt„^ V 



VK"(x,— ,^;C + V„<'"— V3<'") dx. 
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By a diagonalization argument, given A^ /" +00, and ?]„ \ 0^ there exists n^ Z' +00 such that 

(^™)hom(2;a;?)rfa;„ ^hminf / W" ( x, ^^^-^^y^v^^ 

'Q'«-S) 



21iminf / (VK™)h„^(x„;e)dx„^hminf / 14^™ fx, ^, ^; ^ + V„i;„ 



V^Vm ) dx, 



where w„ := ul"^"^ € VF1'P(Q'(x° , (5) x /;]R3) ^ith v„, -^ in LP(Q'(xO,(5) x I;R^), and where i?™ := 
-^"m r/m m- Using the Bocea and Fonseca decomposition lemma for scaled gradients (Theorem 1.1 in [11]) 
we can assume, without loss of generality, that the sequence {| (VcWmlj^VsWrn) |^} is equi-integrable. 
Then, since W"" = M^ on C„ x M^ x m2 ^ ]r3x3 j^ comes that 



21iminf / (W^™)hom(2^-;6c«a:„ 



^liminf/ vt^™(a;,^,^;^ + V„t;„ 






X X 

> liminf / W[x, ,^^]S, + VaVn 






liminf / W { X, ,^r~':^ + ^aVn 



VaUm 1 dx 



by the growth conditions on W, the p-cqui-integrability of the above sequence of scaled gradients, (3.19) 
and (3.24). As a result wc get inequality (3.23). 

Step 2. Fixed p > 0, let T e N and Lp e St he such that 

W^hom(x°;e) + p^ -^ / W,,,^{xl,y:,,yo.-l+VMy)\^My))dy. (3.25) 

^J J(0,T)2x/ 



Taking (T, ip) in the definition of {W"^)-^^^ and recalling Remark 1.3 (with 14^™ in place of W) it follows 
that 



{W"^\on.{^o.;OdXc. 
Q'{x%,S) 

s^i/ / {w"')Y.ora{xa.,yz.yc;l + ^My)\^My))dvdx^. (3.26) 

^-i JQ'(x;!,,(5) J(0,T)2x/ 

Define £;„ := {(x„,y„,2/3) e (9'(xO,(5) x (0,r)2 x / : (xa,y3) e C^}. From (3.19) it follows that 

/:2 0£3([Q'(a;O,5)x (0, r)2 X /] \ S„) s$ ^7"^- (3.27) 

Since (Ty")hom = VFhom on C„ x K^ x RSxa j^- ^^j^^g |-j^g^^ 

(W^'")hom(a;a,2/3,ya;C + Va</?(y)|V3(^(2/))dy(ixa 

Q'(a;^,(5) J{a,T)^xI 

Whom{Xa ,y3,ya;I+ Va(^(y)| V3^(y)) dy dXa 

+ / (W^™)hom(a;a,2/3,ya;C + Va(/?(2/)|V3(/3(2/))(iy(iXa 

J[Q'{xl,5)x{0,T)2xI]\E^ 

^ / Whom(a;a,y3,ya;C + Va</?(y)|V3<;5(y))rfydXa 

+C f {l + \W^{y)\P)dydxa. (3.28) 

J[Q'(2:0,5)x(0,T)2x/]\B„ 
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by property (3.4) with W"^ in place of W. Passing to the limit as m ^ +00, relations (3.26), (3.27) and 
(3.28) yield to 



limsup / {W"^)homi^o.;Odxo. 



m^+OQ jQ'(a;0,(5) 

^ 7Pf^ / WhomiXa,y3,ya;l+^a^iy)\'^3^iy))dydXa- 

Hence by (3.23) we obtain 

/ W{e„} {Xa,'^) dXa ^ 7^?^ / Whom{Xa,y3, ya]'^ + "^ a-^iy)]"^ 3'^{y)) dy dXa- 

JQ'ixl,5) ^^ Jq'(xI,S) J(0,T)^xI 

As a consequence, by the choice of x° together with (3.25) we finally get, after dividing the previous 
inequality by 6^ and letting 5^0, that 



W{e^}K,0 ^ ^[ Wi,o.a{x'i,y3,yc.;^ + yMy)\^3v{y))dy 

'^^ J(0,T)2x/ 

^ W^hom(x°;0 + P 
and the result follows by letting p ^ 0. ■ 

Proof of Theorem 1.2. As a consequence of Lemmas 3.11 and 3.10, we have W\iora{xa',£,) = W{e„}(a;a;^) 
for all Xa & L and all ^ G Q^^^. Since Whom and M^jg^} are Caratheodory functions, it follows that the 
equality holds for all £, € R^^"^ and a.e. Xa G uj. Therefore, we have W^g^j{u;A) = yVhom{u;A) for all 
A G A{uj) and all u G W^'P{A;M.^). Since the result does not depend upon the specific choice of the 
subsequence, we conclude thanks to Proposition 8.3 in Dal Maso [19] that the whole sequence We{- ;A) 
r{LP{A X /))-converges to yVhom(- ; A). Taking A = w we conclude the proof of Theorem 1.2. ■ 

To conclude, let us state an interesting consequence of Theorem 1.2. 

Corollary 3.12. Let W : ilxM.^ x M.^^^ -^R be a function satisfying (Ai), {A2) and {A4), and such that 
W{x, • ; ^) is Q-periodic for all ^ G R^^^ and a.e. x e il. Define the functional We ■ LP{i}; K^) -^ [0, +cx)] 
by 



X 



£ 



W X, -; Vau(x) -V3M(a;) ] dx if u G W^'P{n;R^) 



e 



We{u) := { -^^ 

foo otherwise. 

Then the T{L'P(Vl)) -limit of the family {We}e>^ is given by Whom : LP{n; R^) -^ [0, +00] with 

I 2 fWhom{xa,yMxa,))dxa, i/uGT4^1'P(cj;M3), 
Whom(«) := <^ ^" 

I +00 otherwise, 

where, for all S^ G R"^^^ and a.e. x^ G uj 

Whom{xa,0 := \im inf | — -3 / Whom(a;a, ys, y^; C + Va0(y)|V30(y)) dy : 

(/) G W^^P{{0, Tf X /; R3), ^ on 9(0, Tf x /} 
and, for all y^ G M^ and a.e. x G fl 
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T^ + co 4, yi-^ J{0,TY J 
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